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Forcer package

@ We have built a program that calculates four-loop massless
propagator diagrams

@ Express diagrams as linear combinations of diagrams with
fewer propagators
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Figure: Guaranteed to remove a green or blue line

Triangle generalizations: diamonds [Ruijl,Ueda,Vermaseren ‘15]



Figure: Reduction of the Benz diagram
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Parametric reductions
Splitting functions

3-loop reduction graph
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Figure: Reduction graph for 3 loop diagrams

One loop further: 4 and 5 loop physics
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4-loop reduction graph

Figure: Reduction graph for 4 loop diagrams
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4-loop reduction graph

Figure: Part of reduction graph for 4 loops
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Manual solutions

@ 21 topologies do not have substructures
@ Solve recursion relations parametrically

@ Much faster than Laporta methods
I(nlan2a ns3, na, n5) —

nl(ny — 1, n2,n3, ng, ns)

I(n1,n2, n3, ng, ns) =

n3l(n1, n2,n3 — 1, n4, ns)

+n2/(n1, ny + 1, n3, ng, I75) +...

+n3/(n1, ny +1,n3, ng, ”5) +..
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Parametric solution vs. Laporta (1)

1) I(m, n2,n3,n4,n5) =+ I(n1 — 1, n2, n3, na, ns)
+ n2l(ny1, n2 41, n3, na, ns)
2) I(n1,n2,n3,n4,n5) =+ I(ny, na, n3,n4 — 1, ns)

+ I(n1,n2 + 1, n3, na, ns)

1
= I(n17 n27 n37 n47 n5) :ﬁ(n2l(n17 n27 n37 ng — 17 n5)
5 —

- I(nl - 17 n2, N3, Ny, n5))

Next step in reduction

Solve /(n1, 1, n3, ng, ns) since ny > 2 will have n; =0 or ny = 0!
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Parametric solution vs. Laporta (I1)

Laporta for n, = 2:

1) 1(1,2,1,1,1) = /(0,2,1,1,1) +2/(1,3,1,1,1)
2) 1(1,2,1,1,1) = 1(1,2,1,0,1) + /(1,3,1,1,1)
= 1(1,2,1,1,1) = 2/(1,2,1,0,1) — /(0,2,1,1,1)

@ System needs to be brute forced again for every n, > 2

@ A lot of equations are generated that drop out of the answer
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Public enemy #1

@ 9 propagators that should go
tol

P4
Q @ b irreducible dot products
that should go to 0
@ Took 3 months to find
p7 solution!
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Reduction rule

id,ifmatch->bubul,

Z(n1?pos_,n27pos_,n37pos_,nd7pos_,n57pos_,n67pos_,n77pos_,

n87pos_,n97pos_,n107neg0_,n117neg0_,n127neg0_,n137neg0_,n14%neg_)

= -rat(1,-2%ep-2%n1-n3-n6-n12-n14+4)*(

+Z(-1+n1,-1+n2,n3,n4,1+n5,n6,n7,n8,n9,n10,n11,n12,n13,1+n14) *rat (-n5,1)
+Z(-1+n1,1+n2,n3,n4,-1+n5,n6,n7,n8,n9,n10,n11,n12,n13,1+n14)*rat (n2,1)
+Z(-1+n1,1+n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,n12,n13,1+n14)*rat (-n2,1)
+Z(-1+n1,n2,1+n3,n4,n5,n6,n7,n8,-1+n9,n10,n11,n12,n13,1+n14)*rat (-n3,1)
+Z(-1+n1,n2,n3,n4,-1+n5,n6,n7,n8,n9,n10,n11,1+n12,n13,1+n14)*rat (-n12,1)
+Z(-1+n1,n2,n3,n4,1+n5,n6,n7,-1+n8,n9,n10,n11,n12,n13,1+n14) *rat (n5,1)
+Z(-1+n1,n2,n3,n4,n5,n6,-1+n7,n8,n9,n10,n11,n12,1+n13,1+n14)*rat (-n13,1)
+Z(-1+n1,n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,1+n12,n13,1+n14) *rat (2*n12,1)
+Z(-1+n1,n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,n12,1+n13,1+n14)*rat (n13,1)
+Z(-1+n1,n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,n12,n13,2+n14) *rat (2*n14+2,1)
+Z(-1+n1,n2,n3,n4,n5,n6,n7,n8,-1+n9,n10,n11,n12,1+n13,1+n14)*rat (n13,1)
+Z(-1+n1,n2,n3,n4,n5,n6,07,n8,n9,1+n10,-1+n11,n12,n13, 1+n14) xrat (-n10,1)
+Z(-1+n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,n11,1+n12,n13,n14) *rat (-n12,1)
+Z(-1+n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,n11,n12,n13,1+n14)*rat (-n2+n5,1)
+Z(n1,-1+n2,-1+n3,n4,n5,n6,n7,n8,n9,n10,n11,1+n12,n13,1+n14) *rat (n12,1)
+Z(n1,-1+n2,-1+n3,n4,n5,n6,n7,n8,n9,n10,n11,n12,n13,2+n14)*rat (1+n14,1)
+Z(n1,-1+n2,1+n3,n4,n5,n6,n7,n8,-1+n9,n10,n11,n12,n13,1+n14) *rat (n3,1)
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+Z(n1,-1+n2,n3,-1+n4,n5,n6,n7,n8,n9,n10,1+n11,n12,n13,1+n14) *rat (n11,1)
+Z(n1,-1+n2,n3,n4,-1+n5,n6,n7,n8,n9,n10,n11,1+n12,n13,1+n14)*rat (n12,1)
+Z(n1,-1+n2,n3,n4,n5,-1+n6,n7,n8,n9,n10,n11,n12,n13,2+n14) *rat (-n14-1,1)
+Z(n1,-1+n2,n3,n4,n5,n6,-1+n7,1+n8,n9,n10,n11,n12,n13,1+n14)*rat (2*n8, 1)
+Z(n1,-1+n2,n3,n4,n5,n6,-1+n7,n8,n9,n10,1+n11,n12,n13,1+n14)*rat (-n11,1)
+Z(n1,-1+n2,n3,n4,n5,n6,-1+n7,n8,n9,n10,n11,n12,1+n13,1+n14)*rat(-n13,1)
+Z(n1,-1+n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,1+n12,n13,1+n14) *rat (-2*n12,1)
+Z(n1,-1+n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,n12,1+n13,1+n14) *rat (n13, 1)
+Z(n1,-1+n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,n12,n13,2+n14) *xrat (-2*n14-2,1)
+Z(n1,-1+n2,n3,n4,n5,n6,n7,1+n8,-1+n9,n10,n11,n12,n13,1+n14) *rat (-n8, 1)
+Z(n1,-1+n2,n3,n4,n5,n6,n7,n8,-1+n9,n10,n11,1+n12,n13,1+n14) *rat (-2*n12,1)
+Z(n1,-1+n2,n3,n4,n5,n6,n7,n8,n9,1+n10,-1+n11,n12,n13,1+n14) *rat (n10, 1)
+Z(n1,-1+n2,n3,n4,n5,n6,n7,n8,n9,1+n10,n11,n12,n13,1+n14) *rat (-2%*n10,1)
+Z(n1,-1+n2,n3,n4,n5,n6,n7,n8,n9,n10,1+n11,n12,n13,1+n14) *rat (-n11,1)
+Z(n1,-1+n2,n3,n4,n5,n6,n7,n8,n9,n10,n11,1+n12,n13,n14) *rat (-n12,1)
+Z(n1,1+n2,n3,n4,-1+n5,n6,n7,n8,n9,-1+n10,n11,n12,n13,1+n14) *rat (-n2,1)
+Z(n1,1+n2,n3,n4,-1+n5,n6,n7,n8,n9,n10,n11,n12,n13,1+n14) *rat (-n2,1)
+Z(n1,1+n2,n3,n4,n5,n6,n7,-1+n8,n9,-1+n10,n11,n12,n13,1+n14) *rat (2*n2,1)
+Z(n1,1+n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,n12,n13,1+n14) *rat (n2,1)
+Z(n1,n2,-1+n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,1+n12,n13,1+n14)*rat (-n12,1)
+Z(n1,n2,-1+n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,n12,n13,2+n14) *rat (-n14-1,1)
+Z(n1,n2,1+n3,n4,n5,n6,n7,n8,-1+n9,-1+n10,n11,n12,n13,1+n14)*rat (n3,1)

Ben Ruijl (benruyl@gmail.com) One loop further: 4 and 5 loop physics



Four loops Parametric reductions
Five loops Splitting functions

+Z(n1,n2,n3,n4,-1+n5,n6,-1+n7,n8,n9,n10,n11,n12,1+n13,1+n14) *rat (n13,1)
+Z(n1,n2,n3,n4,-1+n5,n6,n7,n8,-1+n9,n10,n11,n12,1+n13,1+n14)*rat (-n13,1)
+Z(n1,n2,n3,n4,-1+n5,n6,n7,n8,-1+n9,n10,n11,n12,n13,2+n14) *rat (1+n14,1)
+Z(n1,n2,n3,n4,-1+n5,n6,n7,n8,n9,-1+n10,n11,1+n12,n13,1+n14)*rat (n12,1)
+Z(n1,n2,n3,n4,-1+n5,n6,n7,n8,n9,n10,-1+n11,n12,1+n13,1+n14)*rat (n13,1)
+Z(n1,n2,n3,n4,-1+n5,n6,n7,n8,n9,n10,n11,1+n12,n13,1+n14) *rat (n12,1)
+Z(n1,n2,n3,n4,-1+n5,n6,n7,n8,n9,n10,n11,n12,1+n13,1+n14) *rat (n13,1)
+Z(n1,n2,n3,n4,-1+n5,n6,n7,n8,n9,n10,n11,n12,n13,1+n14) *rat (-n2+n8-n13,1)
+Z(n1,n2,n3,n4,n5,-1+n6,n7,-1+n8,n9,n10,n11,n12,n13,2+n14) *rat (1+n14,1)
+Z(n1,n2,n3,n4,n5,n6,-1+n7,-1+n8,n9,n10,1+n11,n12,n13,1+n14) *rat (n11,1)
+Z(n1,n2,n3,n4,n5,n6,-1+n7,-1+n8,n9,n10,n11,n12,1+n13,1+n14) *rat (-2*n13,1)
+Z(n1,n2,n3,n4,n5,n6,-1+n7,n8,n9,-1+n10,1+n11,n12,n13,1+n14) *rat (n11,1)
+Z(n1,n2,n3,n4,n5,n6,-1+n7,n8,n9,n10,n11,-1+n12,n13,2+n14) *rat (1+n14,1)
+Z(n1,n2,n3,n4,n5,n6,-1+n7,n8,n9,n10,n11,n12,1+n13,1+n14) *rat (n13,1)
+Z(n1,n2,n3,n4,n5,n6,-1+n7,n8,n9,n10,n11,n12,n13,1+n14) *rat (-2*ep-2%nd-1,1)
+Z(n1,n2,n3,n4,n5,n6,1+n7,-1+n8,n9,n10,n11,n12,n13,1+n14) *rat (-n7,1)
+Z(n1,n2,n3,n4,n5,n6,n7,-1+n8,-1+n9,n10,n11,n12,1+n13,1+n14) *rat (n13, 1)
+Z(n1,n2,n3,n4,n5,n6,n7,-1+n8,-1+n9,n10,n11,n12,n13,2+n14) *rat (-2*n14-2,1)
+Z(n1,n2,n3,n4,n5,n6,n7,-1+n8,n9,-1+n10,1+n11,n12,n13,1+n14) *rat (-n11,1)
+Z(n1,n2,n3,n4,n5,n6,n7,-1+n8,n9,-1+n10,n11,1+n12,n13,1+n14) *rat (-2*n12,1)
+Z(n1,n2,n3,n4,n5,n6,n7,-1+n8,n9,-1+n10,n11,n12,n13,2+n14) *rat (-2*n14-2,1)
+Z(n1,n2,n3,n4,n5,n6,n7,-1+n8,n9,1+n10,n11,n12,n13,1+n14) *rat (2*n10,1)
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+Z(n1,n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,-1+n11,n12,1+n13,1+n14) *rat (-2*¥n13,1)
+Z(n1,n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,1+n11,n12,n13,1+n14) *rat(n11,1)
+Z(n1,n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,-1+n12,n13,2+n14) *rat (-n14-1,1)
+Z(n1,n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,1+n12,n13,1+n14) *rat (-2*n12,1)
+Z(n1,n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,n12,1+n13,1+n14) *rat (-3*n13,1)
+Z(n1,n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,n12,n13, 1+n14) *rat (10*ep+2*nl,1)
+Z(n1,n2,n3,n4,n5,n6,n7,-1+n8,n9,n10,n11,n12,n13,2+n14) *rat (-2*n14-2,1)
+Z(n1,n2,n3,n4,n5,n6,n7,n8,-1+n9,-1+n10,n11,1+n12,n13,1+n14) *rat (-n12,1)
+Z(n1,n2,n3,n4,n5,n6,n7,n8,-1+n9,-1+n10,n11,n12,1+n13,1+n14) *rat (-n13,1)
+Z(n1,n2,n3,n4,n5,n6,n7,n8,-1+n9,n10,-1+n11,n12,n13,2+n14) *rat (-n14-1,1)
+Z(n1,n2,n3,n4,n5,n6,n7,n8,-1+n9,n10,n11,n12,1+n13,1+n14) *rat (-n13,1)
+Z(n1,n2,n3,n4,n5,n6,n7,n8,-1+n9,n10,n11,n12,n13,1+n14) *rat (-4*ep-2+n1-n3,1)
+Z(n1,n2,n3,n4,n5,n6,n7,n8,n9,-1+n10,n11,n12,n13,1+n14) *rat (-n5+1,1)
+Z(n1,n2,n3,n4,n5,n6,n7,n8,n9,1+n10,-1+n11,n12,n13,1+n14) *rat (n10,1)
+Z(n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,-1+n11,n12,n13, 1+n14) *rat (2*ep+n5+2*n8
+n9+n10+n11-5,1)
+Z(n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,n11,1+n12,n13,n14) *rat (n12,1)
+Z(n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,n11,n12,-1+n13,1+n14) *rat (-2*ep-n5-2*n8
-n9-n11-n14+3,1)
+Z(n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,n11,n12,n13, 1+n14) *rat (2*ep+n2+n7+
2*n8+n9+n11+n14-4,1)
)
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First results and benchmarks

@ Reproduced 4-loop QCD ﬁ-function [Ritbergen, Vermaseren, Larin
'97; Czakon '04]
@ All £ and € 4-loop solution for QCD propagators and vertices

[new!]

B3 no gauge 10 minutes
B3 1 gauge 38 minutes
B3 all gauge 8.5 hours

nol(2,2,2,2,2,2,2,2,2,2,2,-1,-1,-1) | 42 minutes

Table: Benchmark on 24 core machine
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4-loop splitting functions

@ Can we calculate the 4-loop corrections to the PDF evolution?
o Calculate Mellin moments N for as many N as possible
o Each N — N + 2 increases weight by 4

@ 4-loop time: more than 1000 times 3-loop time

w=-Pi=2 () P ii=ae

n

Non-singlet (NS): combinations of 744

Ben Ruijl (benruyl@gmail.com) One loop further: 4 and 5 loop physics
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N3LO corrections to g

0.5

r (3) _ -1 r 3) ]
0.6 YNS-L(N) n=3 _-7 4 o4} YNsi(N)/ln N 4
L Phd ] k ° J
//’ | [ i
o 1 sl crwrrreeeeeeeeeeeeeeed]
04 . /// 7 r ® o . nf=3 ]
o,, ] 1
’ n=4 __--7 o ]
o/ Pl 02— T
’ o - B 1
02 7 o -7 - r o _ 1
Jo 07T ——— (U1)Padé | i ‘o ng=4 ]
e 1 o1f 4
i/ +: even/odd N, 1 [ e In N part ]
oLo expansionin 0ty _| t (1/1) Padé, MVV(°05) 1
T BT R ol v v vy
0 5 10 15 0 5 10 15

N N

o N =2,3,4 in agreement with [Baikov,Chetyrkin '06, Velizhanin ‘13,'14]

@ Not enough moments yet to improve Padé of yéﬁép
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Example result

bed yabed
() y_a) _ o (1502628140 1146307 . 504 b d; 21623
Yes(N=4) = G 375000 © 1120 @ 5 %) F 150

15596 - 6048 C) (20580892841 | 12550223 8613 - 4316 ”
15 5 "\ ~72900000 22500 25 5

dabcd d2bed /1600901 80072 48016 4212122951
K 4 < G — C5) - ”fCA2 Cr (7

na

+ nf
n, 675 225 41006250
1170784 418198 17636 , (1913110089023 39313783
- 3+ 4= G|+ nrGG 3
5625 1125 26244000000 101250
| 26741 C 3082 < 3 (34764568601 958343 18997 C
750 4 5 7 2009520000 ~ 20500 2250 © 5

218700000 ~ 20250 T 25 T 135 ¢ 26244000000
253369 1078 136020246173 1672751 15172

~ o125 2 25 C“) + "fCACF( 3280500000 10125 3 C“)
dgbed dabed /75788 3008 20416 3 1780699 484

( 675 15 37 <5> nrCr (24300000 " 675 3)

3¢ (20440457 1888 )

5 o (3250393649 2969291 1566 1276 275622924731
= A = MG S aao0000

2
+ ng

Na

21870000 405 3
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All-N results for n? and n?

All 3-loop graphs (with insertion on gluon line) for n? in 7ygq:

N — &\
Mhﬁ /

@ Simple topologies for forcer — high moments

@ Analytic form in N reconstructed with LLL-method
[Velizhanin ‘12; Moch,Vermaseren,Vogt ‘14]

@ Recent success: n;‘ for v4¢ required N = 44

@ Singlet splitting function matrix is now known at leading ny
[new; Davies,RUVV]
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Quark cusp anomalous dimension

Large n. contribution example:

127 1 ,20681
YN ez = - + (522 7+ 2119 S; — 227572 — 20460 D2 + 3392 Sy1)
Freng 18 81 2
4
—5036S,) + a1 (1187 — 886 D} — 914 511> — 848 5, D7 — 15251 5 — 416 Son
_ E _ 4 3 _ 3 2 2
152 5,1 + 1148 S3) + 27( 57 Df + 18 S1n> — 24 51 D7 + 2 Sm* + 128 S, D5
8
— 853440513 +805,2+ 120531 — 159 S,) + §( —6n° —12D% +10S17*

—245Df +8%n° +453m> 853D +45317 —8S131 +451,4 — 8523
—16S32 — 254 — 20541 + 24 S5) + much simpler (3, ¢, terms

From In N coefficient in large-N limit:

923 608 2240 112
W = 4 CeGan? (— — et o G —44)
81 3
2392 640 32 64
+ Gn; (W - 7(3 + 32 C4) Cen? <81 2743)
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Five loops

@ Can we go to five loops?

@ Recompute 5-loop QCD S-function [Baikov, Chetyrkin, Kiihn '16]
with general colour group and gauge? [see also:
Luthe,Maier,Marquard,Schroder '16]

@ 5-loop Forcer is hard:

e Unknown master integrals
e More than 200 manual reductions!
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Four loops

* .
Five loens R™ operation

Five loops

@ We are interested in anomalous dimensions
@ Thus, we only need the UV pole part

@ Can we IR rearrange to create a carpet diagram?

N
N\

Figure: The graphs have the same UV poles
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Four loops

* .
Five loens R™ operation

Five loops

In general, this creates IR divergences
Subtract UV and IR all using R* [Chetyrkin,Smirnov,Larin,. . .]

This involves carefully identifying and subtracting all
counter-terms

@ R* has its own problems: commutativity issues, high-rank
tensor reductions, ...
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UV subdiagrams:

{o OO OO
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UV subdiagrams:
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IR SUbdlagrams: /— External to IR
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Four loops

* .
Five loens R™ operation

Superficial UV divergence

Pole part: K(% +1+¢€) = %

<k (<) =) (O
e (§)e( OO
K (0 ) O
- k(0 )6 ()
e (F)eR(OCr )
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Four loops

* .
Five loens R™ operation

Conclusion

@ Very fast four-loop reductions beyond the scope of Laporta
methods

@ Calculated Mellin moments, including all-\ generalizations
@ Extensions to five loop is difficult, but possible

@ R* of interest for 4-loop high N or 5-loop splitting functions
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