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PAUL ADRIEN MAURICE DIRAC
(1902-1984)

• I think it is a peculiarity of myself that I like to play about 
with equations, just looking for beautiful mathematical 
relations which maybe don’t have any physical meaning at all. 
Sometimes they do.

• It seems that if one is working from the point of view of 
getting beauty in one’s equations, and if one has really a 
sound insight, one is on a sure line of progress.



HERMANN KLAUS HUGO WEYL
(1885-1955)

• My work always tried to unite the truth with the beautiful, 
but when I had to choose one or the other, I usually chose 
the beautiful.



TOPOLOGY IN COND-MAT

Relativistic 
quantum mechanics

Materials 
Science

Symmetry



DIRAC  AND  WEYL 

EQUATIONS



DIRAC EQUATION
Quantum Mechanics & Relativity. 
Masive Spin 1/2 particles

Published in 1928 by Paul Dirac[1], the eponymous equation is among the finest achieve-

ments of human intellect. The equation, now taught in virtually every physics department

around the world, has brought together Einstein’s special theory of relativity and quantum

mechanics. It led to the prediction of antimatter, namely the positron as the electron’s

anti-partner. It casted the spin-1/2 nature of the electron in a new light, and is now a

key building block of the Standard Model of particle physics. For a free particle, it can be

written as

i!
!

!t
" =

!

c! · p+ #mc2
"

", (1)

where the momentum operator p = !i!" = (px, py, pz), m is the mass of the particle, c

is the speed of light in vacuum, and " is a 4-component object, a spinor. There are many

equivalent ways to write down the Dirac 4#4 matrices; utilizing the outer product[2] of the

Pauli matrices[? ], one such way is ! = ($3 $ %1, $3 $ %2, $3 $ %3), and # = !$1 $ 1. The

equation was originally intended for the electron, which is, of course, a massive, spin-1/2,

charged particle, i.e., a Dirac Fermion.

There is a certain degree of simplification occurring in this equation in the special case of

massless particles. All three ! matrices are block diagonal, while the term proportional to

the mass is block o!-diagonal. Therefore, if we consider massless particles, the right-hand-

side of the Dirac equation no longer couples the upper two components of ", let’s call them

&+, and the lower two components, &!. Thus, with m = 0, it can be written in a simpler

form

i!
!

!t
&± = ±c" · p&±. (2)

This is the Weyl equation[3] and &’s are referred to as Weyl Fermions.

Both of these equations involve real and complex numbers. Majorana noticed[4] that it is

possible to write the Dirac equation — including the mass term — entirely in terms of real

numbers[2]. This can be accomplished by choosing the !matrices to be purely real and the #

matrix to be purely imaginary, because then both the right-hand-side and the left-hand-side

of the Dirac equation are purely imaginary. For example, ! = (!$1 $ %1, $3 $ 1,!$1 $ %3),

and # = $1 $ %2 does the job. Once the equation is purely real, its solutions can also be

chosen to be purely real. In quantum field theory, a real field describes a particle which is

its own antiparticle.
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This is the Weyl equation[3] and &’s are referred to as Weyl Fermions.

Both of these equations involve real and complex numbers. Majorana noticed[4] that it is

possible to write the Dirac equation — including the mass term — entirely in terms of real

numbers[2]. This can be accomplished by choosing the !matrices to be purely real and the #

matrix to be purely imaginary, because then both the right-hand-side and the left-hand-side
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and # = $1 $ %2 does the job. Once the equation is purely real, its solutions can also be

chosen to be purely real. In quantum field theory, a real field describes a particle which is

its own antiparticle.

Pauli matrices

Spinor with
4 entries



WEYL EQUATION

Masless Spin 1/2 particles

Published in 1928 by Paul Dirac[1], the eponymous equation is among the finest achieve-

ments of human intellect. The equation, now taught in virtually every physics department

around the world, has brought together Einstein’s special theory of relativity and quantum
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is the speed of light in vacuum, and " is a 4-component object, a spinor. There are many

equivalent ways to write down the Dirac 4#4 matrices; utilizing the outer product[2] of the

Pauli matrices[? ], one such way is ! = ($3 $ %1, $3 $ %2, $3 $ %3), and # = !$1 $ 1. The

equation was originally intended for the electron, which is, of course, a massive, spin-1/2,

charged particle, i.e., a Dirac Fermion.

There is a certain degree of simplification occurring in this equation in the special case of

massless particles. All three ! matrices are block diagonal, while the term proportional to

the mass is block o!-diagonal. Therefore, if we consider massless particles, the right-hand-
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&+, and the lower two components, &!. Thus, with m = 0, it can be written in a simpler

form
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This is the Weyl equation[3] and &’s are referred to as Weyl Fermions.

Both of these equations involve real and complex numbers. Majorana noticed[4] that it is

possible to write the Dirac equation — including the mass term — entirely in terms of real

numbers[2]. This can be accomplished by choosing the !matrices to be purely real and the #

matrix to be purely imaginary, because then both the right-hand-side and the left-hand-side

of the Dirac equation are purely imaginary. For example, ! = (!$1 $ %1, $3 $ 1,!$1 $ %3),

and # = $1 $ %2 does the job. Once the equation is purely real, its solutions can also be

chosen to be purely real. In quantum field theory, a real field describes a particle which is

its own antiparticle.
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DIRAC AND WEYL EQUATIONS 

IN CONDENSED MATTER 

Quantum non-relativistic spin 1/2 many particles
Schrödinger equation:

This review is about how such equations provide an accurate description of some 2- and

3-dimensional non-relativistic systems, where Dirac or Weyl Fermions emerge as low energy

excitations. It is also about how these excitations behave when subjected to external fields,

and how to relate the perturbing “potentials” (e.g. scalar, vector, mass etc.) appearing in

the e!ective Dirac equation to either externally applied fields produced in a laboratory, or

to defects and impurity potentials. A few consequences of many-body interactions will also

be reviewed. We will not discuss any of the fascinating aspects of Majorana Fermions in

condensed matter; this topic has already been covered in Ref.[5] and references therein. The

main topics of this paper form a vast area of physics, and we ask the reader to keep in mind

that it is impossible to do it justice in the review with a given allotted space.

II. WHEN AND WHY TO EXPECT DIRAC POINTS IN CONDENSED MAT-

TER?

In a non-relativistic condensed matter setting, the time evolution of any many body state

|"! is governed by the Schrodinger equation

i!
!

!t
|"! = H|"! (3)

where H is the Hamiltonian operator. This Hamiltonian contains the kinetic energy of the

electrons and ions, as well as any interaction energy among them. Our aim is to illustrate

how and when we may expect the relativistic-like Dirac dispersion to arise from H in a cold

non-relativistic solid state. We do so first by pure symmetry considerations and then in a

brief survey of several physical systems realizing Dirac-like physics. We will assume that

the heavy ions have crystallized and to the first approximation let us ignore their motion.

As such, their role is solely to provide a static periodic potential which scatters the electron

Schrodinger waves and, if the spin-orbit coupling is also taken into account, the electron

spins. Then H " H0+Hint, where H0 includes all one body e!ects and Hint all many-body

electron-electron interaction e!ects.

According to the Bloch theorem, the energy spectrum En(k) and the eigenstates |"n,k! of

H0 can be described by a discrete band index n as well as a continuous D-dimensional vector

k, the crystalline momentum, which is defined within the first Brillouin zone. Consider now

two distinct but adjacent energy bands En+(k) and En!(k), and assume that for some range
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According to the Bloch theorem, the energy spectrum En(k) and the eigenstates |"n,k! of

H0 can be described by a discrete band index n as well as a continuous D-dimensional vector
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two distinct but adjacent energy bands En+(k) and En!(k), and assume that for some range

H0|φn,k� = En(k)|φn,k�

Bloch theorem

band index



EFFECTIVE HAMILTONIAN FOR 
TWO ADJACENT BANDS

E+(k) ∼ E−(k), k ∼ k0

|uk�, |vk� Orthogonal Bloch states consistent with 
symmetries of H0

of k the two bands approach each other, i.e. the energy di!erence |En+(k)!En!(k)| is much

smaller than the separation to any one of the rest of the energy bands. One way to derive the

e!ective Hamiltonian for the two bands is to start with a pair of (orthonormal) variational

Bloch states, |uk" and |vk", consistent with, and adapted to, the symmetries of H0. Then

the e!ective Hamiltonian takes the form

Heff =
!

k

!†
kH(k)!k (4)

where the first component of the creation operator !†
k adds a particle (to the N -body state)

in the single particle state |uk" and antisymmetrizes the resulting N+1-body state. Similarly,

the second component creates a particle in the state |vk" and

H(k) =

"

#

#uk|H0|uk" #uk|H0|vk"

#vk|H0|uk" #vk|H0|vk"

$

% $ f(k)12 +
3

!

j=1

gj(k)"j (5)

where 12 is a unit matrix and "j are the Pauli matrices. The corresponding one particle

spectrum is

E± = f(k)±

&

'

'

(

3
!

j=1

g2j (k). (6)

For a general k-point and in the absence of any other symmetries, gj(k) %= 0 for each j. It

is clear from the expression for E±(k) that the two bands touch only if gj(k0) = 0 for each

j at some k0.

In 3D, we can vary each of the three components of k and try to find simultaneous zeros

of each of the three components of gj(k). To see that this may be possible without fine-

tuning, note that in general each one of the three equations gj(k) = 0 describes a 2D surface

in k-space. The first two surfaces may generally meet along lines, and such lines may then

intersect the third surface at points without additional fine-tuning. If such points exist,

they generally come in pairs and the dispersion near each may be linearized. The e!ective

Hamiltonian near one such point k0 takes the form

H(k) = Ek0
+ !v0 · (k! k0)12 +

3
!

j=1

!vj · (k! k0)"j . (7)

If v0 = 0 and the three velocity vectors vj are mutually orthogonal this has the form of

an anisotropic Weyl Hamiltonian. Of course, far away from k0 both bands may disperse
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No assumption on symmetries 



BAND TOUCHING IN 3D

of k the two bands approach each other, i.e. the energy di!erence |En+(k)!En!(k)| is much
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of k the two bands approach each other, i.e. the energy di!erence |En+(k)!En!(k)| is much

smaller than the separation to any one of the rest of the energy bands. One way to derive the

e!ective Hamiltonian for the two bands is to start with a pair of (orthonormal) variational

Bloch states, |uk" and |vk", consistent with, and adapted to, the symmetries of H0. Then

the e!ective Hamiltonian takes the form

Heff =
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kH(k)!k (4)

where the first component of the creation operator !†
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in the single particle state |uk" and antisymmetrizes the resulting N+1-body state. Similarly,
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spectrum is
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For a general k-point and in the absence of any other symmetries, gj(k) %= 0 for each j. It

is clear from the expression for E±(k) that the two bands touch only if gj(k0) = 0 for each

j at some k0.

In 3D, we can vary each of the three components of k and try to find simultaneous zeros

of each of the three components of gj(k). To see that this may be possible without fine-

tuning, note that in general each one of the three equations gj(k) = 0 describes a 2D surface

in k-space. The first two surfaces may generally meet along lines, and such lines may then

intersect the third surface at points without additional fine-tuning. If such points exist,

they generally come in pairs and the dispersion near each may be linearized. The e!ective

Hamiltonian near one such point k0 takes the form

H(k) = Ek0
+ !v0 · (k! k0)12 +

3
!

j=1

!vj · (k! k0)"j . (7)

If v0 = 0 and the three velocity vectors vj are mutually orthogonal this has the form of

an anisotropic Weyl Hamiltonian. Of course, far away from k0 both bands may disperse

In 3D: 5 eqs and 3 components           fine-tuning



WEYL SEMIMETALS



SYSTEMS WITH STABLE BAND 
TOUCHING IN 3D : WEYL NODES

INGREDIENTS

*No time-reversal symmetry
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TOPOLOGICAL PROPERTIES

Paradigmatic case: 2 Weyl nodes at k±

in the context of the Dirac particle in a periodic electrical potential whose average vanished,

see Fig.2.

We see then, that despite being described by similar kinematics, there is a very important

di!erence in the way the dx2!y2-wave Dirac particles couple to the physical external magnetic

field from the way the graphene or the 3D topological quasiparticles couple. In the latter

case, the specific heat may oscillate with the field, but when averaged over few oscillations,

its value is field independent. In the former case, it is the average value that increases with

the external field.

VI. WEYL SEMIMETALS

My work always tried to unite the truth with the beautiful, but when I

had to choose one or the other, I usually chose the beautiful. - Hermann Weyl

(1885-1955)

It has long been known that band touchings in three dimensions are very stable[144, 145], as

described in Section 2. When the chemical potential lines up with the band touching points,

and no other Fermi surfaces intersect it, a semimetal results. The low energy dispersion of

electrons then closely resembles the Weyl equation of particle physics, hence these semimetals

have been termed Weyl semimetals[146]. The generic form is shown in Equation 4. Initially,

the Weyl equation was believed to describe neutrinos, which however had to be given up with

with the discovery of neutrino mass. Thus, an experimental realization of a Weyl semimetal

would be the first physical realization of this fundamental equation. Here we will briefly

review topological aspects of Weyl semimetals and their possible realizations in solids. For

simplicity, consider the following simplified form of Equation 4:

H± = ±vF (px!1 + py!2 + pz!3) (20)

where we have expanded about a pair of band touchings located at k± and have denoted

p = !(k ! k+) (for example). The Pauli matrices !j act in the space of the pair of bands

that approach each other and touch at the Weyl nodes. The energy spectrum then is

E(p) = vF |p| for both nodes. At each node we can associate a chirality, which measures

the relative handedness of the three momenta and the Pauli matrices associated in the Weyl

equation. The chirality is ±1 for the Hamiltonians H±. This is a general property of Weyl

p = �(k− k±)

Weyl nodes exist in pairs 
(no-go Nielsen-Nynomiya theorem)
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gapless. As was discussed previously, the band crossing in the I-asymmetric system

cannot occur at a single value of m. The gapless points in the four-dimensional m-k

space forms a one-dimensional manifold (i.e. a curve). Thus, the only way to close the

gap by changing m is to make a pair of gapless points, as shown in figure 3.

Figure 3. Location of the the gapless points by changing the external parameter m

in (a) I-asymmetric systems and (b) I-symmetric systems. In (a) the green and the
red denotes trajectories of the monopole and antimonopole, respectively.

To see the behavior of such gapless points, we note that each gapless point carries a

topological number. Such gapless point, sometimes called a diabolical point, is regarded

as a monopole in the k space [24, 25, 26]. Indeed, the Bloch wavefunctions with

nondegenerate spectrum can be associated with a U(1) gauge structure in the k space;

An(k) = ! i"kn|#k|kn$, (14)

Bn(k) = #k % An(k), (15)

!n(k) =
1

2"
#k · Bn(k) (16)

The quantity !(k) is called a monopole density. It vanishes when the n-th band is not

degenerate with other bands. At the band crossings between the n-th band and other

bands, !(k) has a #-function singularity; !n(k) =
!

l qln#(k!kln) where qln is an integer

called a monopole charge. For example, for the band crossing at k = k0 with linear

dispersion (Weyl fermion)

H = E0(k) +
3

"

i=1

fi(k)$i (17)

where fi(k = k0) = 0, the monopole charge for the lower band is sgn(det( !fi

!kj
)ij)|k=k0

(= ±1).

Phase transition between the quantum spin Hall and insulator phases in 3D 9

gapless. As was discussed previously, the band crossing in the I-asymmetric system

cannot occur at a single value of m. The gapless points in the four-dimensional m-k

space forms a one-dimensional manifold (i.e. a curve). Thus, the only way to close the

gap by changing m is to make a pair of gapless points, as shown in figure 3.

Figure 3. Location of the the gapless points by changing the external parameter m

in (a) I-asymmetric systems and (b) I-symmetric systems. In (a) the green and the
red denotes trajectories of the monopole and antimonopole, respectively.

To see the behavior of such gapless points, we note that each gapless point carries a

topological number. Such gapless point, sometimes called a diabolical point, is regarded

as a monopole in the k space [24, 25, 26]. Indeed, the Bloch wavefunctions with

nondegenerate spectrum can be associated with a U(1) gauge structure in the k space;

An(k) = ! i"kn|#k|kn$, (14)

Bn(k) = #k % An(k), (15)

!n(k) =
1

2"
#k · Bn(k) (16)

The quantity !(k) is called a monopole density. It vanishes when the n-th band is not

degenerate with other bands. At the band crossings between the n-th band and other

bands, !(k) has a #-function singularity; !n(k) =
!

l qln#(k!kln) where qln is an integer

called a monopole charge. For example, for the band crossing at k = k0 with linear

dispersion (Weyl fermion)

H = E0(k) +
3

"

i=1

fi(k)$i (17)

where fi(k = k0) = 0, the monopole charge for the lower band is sgn(det( !fi

!kj
)ij)|k=k0

(= ±1).

Berry curvature

Monopole charge 

in the context of the Dirac particle in a periodic electrical potential whose average vanished,

see Fig.2.

We see then, that despite being described by similar kinematics, there is a very important

di!erence in the way the dx2!y2-wave Dirac particles couple to the physical external magnetic

field from the way the graphene or the 3D topological quasiparticles couple. In the latter

case, the specific heat may oscillate with the field, but when averaged over few oscillations,

its value is field independent. In the former case, it is the average value that increases with

the external field.

VI. WEYL SEMIMETALS

My work always tried to unite the truth with the beautiful, but when I

had to choose one or the other, I usually chose the beautiful. - Hermann Weyl

(1885-1955)

It has long been known that band touchings in three dimensions are very stable[144, 145], as

described in Section 2. When the chemical potential lines up with the band touching points,

and no other Fermi surfaces intersect it, a semimetal results. The low energy dispersion of

electrons then closely resembles the Weyl equation of particle physics, hence these semimetals

have been termed Weyl semimetals[146]. The generic form is shown in Equation 4. Initially,

the Weyl equation was believed to describe neutrinos, which however had to be given up with

with the discovery of neutrino mass. Thus, an experimental realization of a Weyl semimetal

would be the first physical realization of this fundamental equation. Here we will briefly

review topological aspects of Weyl semimetals and their possible realizations in solids. For

simplicity, consider the following simplified form of Equation 4:

H± = ±vF (px!1 + py!2 + pz!3) (20)

where we have expanded about a pair of band touchings located at k± and have denoted

p = !(k ! k+) (for example). The Pauli matrices !j act in the space of the pair of bands

that approach each other and touch at the Weyl nodes. The energy spectrum then is

E(p) = vF |p| for both nodes. At each node we can associate a chirality, which measures

the relative handedness of the three momenta and the Pauli matrices associated in the Weyl

equation. The chirality is ±1 for the Hamiltonians H±. This is a general property of Weyl

Weyl nodes



Fermi arcs in slab configurations 6

!"#$%&'(!)%)'

!"

!#

!$

FIG. 6: Illustration of surface states arising from bulk Dirac

points. For simplicity, only a pair of Dirac points with oppo-

site chirality are shown. The imaginary cylinder in momen-

tum space has unit Chern number, due to the Berry monopole

at the Dirac point. Hence a surface state must arise, as shown

schematically in the same plot. When the Fermi energy is at

the Dirac point, a Fermi arc is present which connects the sur-

face momenta of the projected bulk Dirac points of opposite

chirality.

Fermi points. However, in the presence of a surface (say
the plane z = 0), new low energy states may be gener-
ated. We show that these will occur along a curve in the
surface Brillouin zone as is illustrated in Fig. 5. The end
points of this curve occur at the bulk Fermi point mo-
menta, projected onto the surface Brillouin Zone. Also,
the curve connects Dirac nodes with opposite monopole
charge. If more than one Dirac node projects to the same
surface momentum, the sum of the monopole charges
should be considered. This is argued by showing that
there must be Fermi arcs on the surface Brillouin zone
emanating from the projection (k0x, k0y) of the monopole
as argued below.

Origin of Surface States: We now prove that the band
topology associated with the Dirac point leads to sur-
face states. Construct a curve in the surface Brillouin
zone encircling the projection of the bulk Dirac point,
which is traversed counterclockwise as we vary the pa-
rameter λ : 0 → 2π; kλ = (kx(λ), ky(λ)) (see Fig. 6).
We show that the energy �λ of a surface state at momen-
tum kλ crosses E = 0. Consider H(λ, kz) = H(kλ, kz),
the gapped Hamiltonian of the two dimensional subsys-
tem defined by this curve. The two periodic parameters
λ, kz define the surface of a torus in momentum space
(see Fig. 6). The Chern number of this two dimensional
band structure is given by the Berry curvature integra-
tion: 1

2π

�
Fdkzdλ which, by Stokes theorem, simply cor-

responds to the net monopole density enclosed within
the torus. This is obtained by summing the chiralities
of the enclosed Dirac nodes. Consider the case when the

net chirality is unity, corresponding to a single enclosed
Dirac node. Then, the two dimensional subsystem de-
fines a quantum Hall insulator with unit Chern number.
When defined on the half space z < 0, this corresponds to
putting the quantum Hall state on a cylinder, and hence
we expect a chiral edge state. Its energy �λ spans the
band gap of the subsystem, as λ is varied. Hence, this
surface state crosses zero energy somewhere on the sur-
face Brillouin zone kλ0 . Such a state can be obtained for
every curve enclosing the Dirac point. Thus, at zero en-
ergy, there is a Fermi line in the surface Brillouin zone,
that terminates at the Dirac point momenta (see Fig.
6). An arc beginning on a Dirac point of chirality c has
to terminate on a Dirac point of the opposite chirality.
Clearly, the net chirality of the Dirac points within the
(λ, kz) torus was a key input in determining the number
of these states. If Dirac points of opposite chirality line
up along the kz direction, then there is a cancelation and
no surface states are expected.
For U = 1.5 eV, a Dirac node is found to occur

at the momentum (0.52, 0.52, 0.31)2π/a and equivalent
points (see Fig.3). They can be thought of as occur-
ing on the edges of a cube, with a pair of Dirac nodes
of opposite chirality occupying each edge, as, e.g., the
points (0.52, 0.52, 0.31)2π/a and (0.52, 0.52,−0.31)2π/a.
For the case of U = 1.5 eV, the sides of this cube have
the length 0.52(4π/a). Thus, the (111) and (110) sur-
faces would have surface states connecting the projected
Dirac points. If, on the other hand we consider the sur-
face orthogonal to the (001) direction, it would lead to
the Dirac points of opposite chirality being projected to
the same surface momentum, along the edges of the cube.
Thus, no protected states are expected for this surface.

Model Calculation: To verify these theoretical con-
siderations, we have constructed a tight binding model
which has features seen in our electronic structure cal-
culations for YIr2O7. We consider only t2g orbitals of Ir
atoms in the global coordinate system. Since Ir atoms
form tetrahedral network (see Fig. 2), each pair of
nearest neighboring atoms forms a corresponding σ−like
bond whose hopping integral is denoted as t and other
two π−like bonds whose hopping integrals are denoted
as t

�. To simulate the appearance of the Dirac point it
is essential to include next–nearest neighbor interactions
between t2g orbitals which are denoted as t

��
. With the

parameters t = 0.2, t� = 0.5t, t�� = −0.2t, the value of the
on–site spin–orbit coupling equal to 2.5t and the applied
on–site splitting between spin up and spin down states
equal to 0.1 referred to the local quantization axis which
simulates our non–collinear ’all–in/out’ configuration we
can model both the bulk Dirac metal state and its sur-
face. The calculated (110) surface band structure for the
slab of 128 atoms together with the sketch of the obtained
Fermi arcs is shown in Fig. 7. Notice that since the slab
calculation involves two surfaces, the corresponding sur-
face states and Fermi arcs for both surfaces are generated.
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In 5d transition metal oxides such as the iridates, novel properties arise from the interplay of
electron correlations and spin-orbit interactions. We investigate the electronic structure of the
pyrochlore iridates, (such as Y2Ir2O7) using density functional theory, LDA+Umethod, and effective
low energy models. A remarkably rich phase diagram emerges on tuning the correlation strength
U . The Ir magnetic moment are always found to be non-collinearly ordered. However, the ground
state changes from a magnetic metal at weak U , to a Mott insulator at large U . Most interestingly,
the intermediate U regime is found to be a Dirac semi-metal, with vanishing density of states at
the Fermi energy. It also exhibits topological properties - manifested by special surface states in the
form of Fermi arcs, that connect the bulk Dirac points. This Dirac phase, a three dimensional analog
of graphene, is proposed as the ground state of Y2Ir2O7 and related compounds. A narrow window
of magnetic ‘axion’ insulator, with axion parameter θ = π, may also be present at intermediate U .
An applied magnetic field induces ferromagnetic order and a metallic ground state.

Previously, some of the most striking phenomena in
solids, such as high temperature superconductivity[1] and
colossal magnetoresistance[2] were found in transition
metal systems involving 3d orbitals, with strong electron
correlations. Now it has been realized that in 4d and the
5d systems, whose orbitals are spatially more extended,
a regime of intermediate correlation appears. More-
over, they display significant spin-orbit coupling, which
modifies their electronic structure as recently verified in
Sr2IrO4 [3]. This is a largely unexplored domain, but
already tantalizing new phenomena have been glimpsed.
For example, in the 5d magnetic insulator, Na2IrO3[4], a
disordered ground state persists down to the lowest mea-
sured temperatures, making it a prime candidate for a
quantum spin liquid[5].

It is known that strong spin-orbit interactions can lead
to a novel phase of matter, the topological insulator[6].
However, the experimental candidates uncovered so far
have weak electron correlations. Recently, it was realized
that the iridates are promising candidates to realize topo-
logical insulators[7], and that Iridium based pyrochlores
in particular [8], provide a unique opportunity to study
the interplay of Coulomb interactions, spin-orbit coupling
and the band topology of solids.

The pyrochlore iridates, with general formula A2Ir2O7,
where A = Yttrium, or a Lanthanide element, will be
the main focus of this work. Both the A and Ir atoms
are located on a network of corner sharing tetrahedra
[9, 10]. Pioneering experiments[11] on the pyrochlore iri-
dates, revealed an evolution of ground state properties
with increasing radius of the A ion, which is believed
to tune electron correlations. While A =Pr is metallic,
A =Y is an insulator as low temperatures. Subsequently,
it was shown that the insulating ground states evolve
from a high temperature metallic phase, via a magnetic

transition[12, 13]. The magnetism was shown to arise
from the Ir sites, since it also occurs in A =Y, Lu, where
the A sites are non-magnetic. While its precise nature
remains unknown, the absence of a net moment rules out
ferromagnetism.

We show that electronic structure calculations can nat-
urally account for this evolution and points to a novel
ground state whose properties are described here. First,
we find that magnetic moments order on the Ir sites in
a non-colinear pattern with moment on a tetrahedron
pointing all-in or all-out from the center. This structure
retains inversion symmetry, a fact that greatly aids the
electronic structure analysis. While the magnetic pat-
tern remains fixed, the electronic properties evolve with
correlation strength. For weak correlations, or in the
absence of magnetic order, a metal is obtained, in con-
trast to the interesting topological insulator scenario of
Ref. [8]. With strong correlations we find a Mott insula-
tor, with all-in/all-out magnetic order. However, for the
case of intermediate correlations, relevant to Y2Ir2O7,
the electronic ground state is found to be an unusual
Dirac semi-metal, with linearly dispersing Dirac nodes
at the chemical potential. Indeed, this dispersion is anal-
ogous to graphene[14], but occurs inside a three dimen-
sional magnetic solid. The small density of states leads to
a vanishing conductivity at low temperatures. The Dirac
fermions here are rather different from those in three di-
mensional semi-metals such as elemental Bismuth, which
are inversion symmetric and non-magnetic. Here, the
Dirac fermions at a particular momentum are described
by a handedness (which is left or right handed), and a
two component wavefunction. They cannot be gapped
unless they mix with a fermion of opposite handedness.
In contrast, Dirac fermions in Bismuth have four com-
ponent wavefunctions, no particular handedness, and are
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FIG. 7: Calculated surface energy bands corresponding to

(110) surface of the pyrochlore iridate Y2Ir2O7. A tight bind-

ing approximation has been used to simulate the bulk band

structure with 3D Dirac point as found by our LSDA+U+SO

calculation. The plot corresponds to diagonalizing 128 atoms

slab with two surfaces. The top inset shows the deduced Fermi

arcs connecting projected bulk Dirac points of opposite chi-

rality. The bottom inset shows a sketch how these Fermi arcs

are expected to behave for the (111) surface.

We also display the expected surface states for the (111)
surface. Note, no special surface states are expected for
the (001) surface.

OTHER TOPOLOGICAL PHASES

We recall that topological insulators are non-magnetic
band insulators with protected surface states [6]. Time
reversal symmetry is required in the bulk to define
these phases. When the surface states are eliminated
by adding, for example magnetic moments only on the
surface, a quantized magneto-electric response is ob-
tained, where a magnetic field induces a polarization:
P = θ e2

2πhB, with the coefficient |θ| [15] is only defined
modulo 2π. Under time reversal, θ → −θ. Apart from
the trivial solution θ = 0, the ambiguity in the defini-
tion of θ allows also for θ = π. For topological insulators
θ = π.

In magnetic insulators, θ is in general no longer quan-
tized [26]. However, when inversion symmetry is re-
tained, θ is quantized again, since inversion also changes
its sign. Thus again θ = 0, πmod2π, and an insulator
with the latter value will be termed a θ = π axion insu-
lator.

Which is the appropriate description of the pyrochlore

iridate phases we have described? For the Mott insulator,
at large U , the charge physics must be trivial and so we
must have θ = 0. Next, since the Dirac semi metal phase
is gapless in the bulk, θ is ill defined. However, we note
that on reducing U , the location of the Dirac points shift,
with nodes of opposite chirality approaching each other.
If these meet and annihilate, then one recovers a gapped
phase in the low U regime. However, in the process the
resulting phase will have θ = π. Indeed, the presence of
the intervening Dirac phase can be deduced from the re-
quirement that θ has to change between these two quan-
tized values. As described elsewhere[25], the condition
for θ = π when deduced from the parities, turns out to
be the same as the Fu-Kane formula, for time reversal
symmetric insulators [27, 28], i.e. if the total number
of filled states of negative parity at all TRIMs taken to-
gether is twice an odd integer, then θ = π. Otherwise
θ = 0. The small U insulator has the same parities as
the Dirac semi-metal, since the Dirac points annihilate
away from a TRIM. From Table II we can see that indeed
this corresponds to θ = π, since there are 14 negative par-
ity filled states, while the Mott insulator corresponds to
θ = 0, having 12 negative parity filled states.

Unfortunately, within our LSDA+U+SO calculation, a
metallic phase intervenes on lowering U ≤ 1.0eV, before
the Dirac points annihilate to give the axion insulator.
We point out this possibility nevertheless, since LDA sys-
tematically underestimates the stability of such gapped
phases. Moreover it provides an interesting example of
a pair of insulators with the same magnetic order, but
which are nevertheless different phases. Thus, the Mott
insulator is distinct from the smaller U ‘Slater’ insulator,
unlike in many other cases where they are smoothly con-
nected to one another. Inversion symmetry is critical in
preserving this distinction.

In summary, a theoretical phase diagram for the phys-
ical system is shown in Figure 1 as a function of U and
applied magnetic field, which leads to a metallic state
beyond a critical field. The precise nature of these phase
transformations are not addressed in the present study
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We propose a simple realization of the three-dimensional (3D) Weyl semimetal phase, utilizing

a multilayer structure, composed of identical thin films of a magnetically-doped 3D topological

insulator (TI), separated by ordinary-insulator spacer layers. We show that the phase diagram

of this system contains a Weyl semimetal phase of the simplest possible kind, with only two Dirac

nodes of opposite chirality, separated in momentum space, in its bandstructure. This Weyl semimetal

has a finite anomalous Hall conductivity, chiral edge states, and occurs as an intermediate phase

between an ordinary insulator and a 3D quantum anomalous Hall insulator. We find that the Weyl

semimetal has a nonzero DC conductivity at zero temperature, but Drude weight vanishing as T 2
,

and is thus an unusual metallic phase, characterized by a finite anomalous Hall conductivity and

topologically-protected edge states.

The recent discovery of time-reversal (TR) invariant

topological insulators (TI) [1] has led to a surge of in-

terest in topological properties of the electronic band-

structure of crystalline materials. TIs exhibit a bulk gap,

but gapless surface states, whose gaplessness is protected

by topology. Remarkably, recent work has demonstrated

that such a surface-bulk correspondence can also obtain

even when the bulk is gapless, by virtue of point touch-

ings of non-degenerate conduction and valence bands [2].

Such accidental point touchings have been known to exist

since the earliest days of the theory of solids [3], but their

topological properties have only been appreciated much

more recently [2, 4–6], and concrete materials, where they

may be found, have been proposed [2, 6]. Non-trivial and

robust band touching requires either broken TR or inver-

sion (I) [2, 3, 5], in which case the touching points acquire

topological character and thus give rise to stable phases

of matter. The bandstructure near these points can be

described by a massless two-component Dirac or Weyl

Hamiltonian:

H = ±vFσ · k, (1)

where k is the crystal momentum in the first Brillouin

zone (BZ), expanded near the band-touching point, σ is

the triplet of Pauli matrices and the sign in front corre-

sponds to two different possible chiralities, characterizing
the point. Such Weyl fermions have been studied exten-

sively in high-energy physics, in particular as a descrip-

tion of neutrinos [4], and may be viewed as topological

defects (hedgehogs) in momentum space [4]. Any pertur-

bation of Eq.(1) only shifts the degeneracy point in en-

ergy or momentum, but does not remove it: an isolated

Weyl fermion in this sense possesses an absolute topo-

logical stability (this is in contrast to 2D massless Dirac

fermions in graphene, where inversion symmetry of the

honeycomb lattice is essential for their stability). Very

general considerations show that Dirac degeneracy points

can only occur in pairs of opposite chirality [7] and can

thus be eliminated by pairwise annihilation. When the

TR or I symmetry is broken, however, the Weyl fermions

are separated in momentum space and thus, assuming

translational symmetry remains intact, are still topolog-

ically stable.

Ref. [2] has proposed a possible realization of a Weyl

semimetal with 24 Dirac nodes in iridium pyrochlores,

which are strongly-correlated magnetic materials (a dif-

ferent scenario for this material was proposed in Ref. [8]).

The purpose of this work is to propose a much sim-

pler realization of the Weyl semimetal, not relying on

strong correlations in a rather complex material. The

Weyl semimetal we propose also possesses only two Dirac

nodes, the smallest possible number, and thus is in a

sense the most elemental realization of this phase of mat-

ter.

The material we propose is a multilayer heterostruc-

ture, consisting of alternating layers of a 3D TI material,

such as Bi2Se3, and an ordinary insulator, which serves

as spacer material between the neighboring TI layers,

as shown in Fig. 1. The ability to grow ultrathin high-

quality films of Bi2Se3 has been clearly demonstrated in

recent experiments [9]. It is thus quite realistic to expect

that a multilayer heterostructure, consisting essentially

of a stack of such thin films, can be fabricated using

available technology. The Hamiltonian, describing this

heterostructure, can be written as:

H =

�

k⊥,ij

[vF τ
z
(ẑ × σ) · k⊥δi,j +mσzδi,j +∆Sτ

xδi,j

+
1

2
∆Dτ+δj,i+1 +

1

2
∆Dτ−δj,i−1

�
c
†
k⊥ick⊥j . (2)

The first term in Eq.(2) describes the two (top and bot-

tom) surface states of an individual TI layer. We as-

sume for simplicity that a TI material with a single two-

dimensional (2D) Dirac node per surface BZ is employed.

vF is the Fermi velocity, characterizing the surface Dirac

fermion, which we take to be the same on the top and

bottom surface of each layer. k⊥ is the momentum in

the 2D surface BZ (we use h̄ = 1 units), σ is the triplet
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We propose a simple realization of the three-dimensional (3D) Weyl semimetal phase, utilizing

a multilayer structure, composed of identical thin films of a magnetically-doped 3D topological

insulator (TI), separated by ordinary-insulator spacer layers. We show that the phase diagram

of this system contains a Weyl semimetal phase of the simplest possible kind, with only two Dirac

nodes of opposite chirality, separated in momentum space, in its bandstructure. This Weyl semimetal

has a finite anomalous Hall conductivity, chiral edge states, and occurs as an intermediate phase

between an ordinary insulator and a 3D quantum anomalous Hall insulator. We find that the Weyl

semimetal has a nonzero DC conductivity at zero temperature, but Drude weight vanishing as T 2
,

and is thus an unusual metallic phase, characterized by a finite anomalous Hall conductivity and

topologically-protected edge states.

The recent discovery of time-reversal (TR) invariant

topological insulators (TI) [1] has led to a surge of in-

terest in topological properties of the electronic band-

structure of crystalline materials. TIs exhibit a bulk gap,

but gapless surface states, whose gaplessness is protected

by topology. Remarkably, recent work has demonstrated

that such a surface-bulk correspondence can also obtain

even when the bulk is gapless, by virtue of point touch-

ings of non-degenerate conduction and valence bands [2].

Such accidental point touchings have been known to exist

since the earliest days of the theory of solids [3], but their

topological properties have only been appreciated much

more recently [2, 4–6], and concrete materials, where they

may be found, have been proposed [2, 6]. Non-trivial and

robust band touching requires either broken TR or inver-

sion (I) [2, 3, 5], in which case the touching points acquire

topological character and thus give rise to stable phases

of matter. The bandstructure near these points can be

described by a massless two-component Dirac or Weyl

Hamiltonian:

H = ±vFσ · k, (1)

where k is the crystal momentum in the first Brillouin

zone (BZ), expanded near the band-touching point, σ is

the triplet of Pauli matrices and the sign in front corre-

sponds to two different possible chiralities, characterizing
the point. Such Weyl fermions have been studied exten-

sively in high-energy physics, in particular as a descrip-

tion of neutrinos [4], and may be viewed as topological

defects (hedgehogs) in momentum space [4]. Any pertur-

bation of Eq.(1) only shifts the degeneracy point in en-

ergy or momentum, but does not remove it: an isolated

Weyl fermion in this sense possesses an absolute topo-

logical stability (this is in contrast to 2D massless Dirac

fermions in graphene, where inversion symmetry of the

honeycomb lattice is essential for their stability). Very

general considerations show that Dirac degeneracy points

can only occur in pairs of opposite chirality [7] and can

thus be eliminated by pairwise annihilation. When the

TR or I symmetry is broken, however, the Weyl fermions

are separated in momentum space and thus, assuming

translational symmetry remains intact, are still topolog-

ically stable.

Ref. [2] has proposed a possible realization of a Weyl

semimetal with 24 Dirac nodes in iridium pyrochlores,

which are strongly-correlated magnetic materials (a dif-

ferent scenario for this material was proposed in Ref. [8]).

The purpose of this work is to propose a much sim-

pler realization of the Weyl semimetal, not relying on

strong correlations in a rather complex material. The

Weyl semimetal we propose also possesses only two Dirac

nodes, the smallest possible number, and thus is in a

sense the most elemental realization of this phase of mat-

ter.

The material we propose is a multilayer heterostruc-

ture, consisting of alternating layers of a 3D TI material,

such as Bi2Se3, and an ordinary insulator, which serves

as spacer material between the neighboring TI layers,

as shown in Fig. 1. The ability to grow ultrathin high-

quality films of Bi2Se3 has been clearly demonstrated in

recent experiments [9]. It is thus quite realistic to expect

that a multilayer heterostructure, consisting essentially

of a stack of such thin films, can be fabricated using

available technology. The Hamiltonian, describing this

heterostructure, can be written as:

H =
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k⊥,ij

[vF τ
z
(ẑ × σ) · k⊥δi,j +mσzδi,j +∆Sτ

xδi,j

+
1

2
∆Dτ+δj,i+1 +

1

2
∆Dτ−δj,i−1

�
c
†
k⊥ick⊥j . (2)

The first term in Eq.(2) describes the two (top and bot-

tom) surface states of an individual TI layer. We as-

sume for simplicity that a TI material with a single two-

dimensional (2D) Dirac node per surface BZ is employed.

vF is the Fermi velocity, characterizing the surface Dirac

fermion, which we take to be the same on the top and

bottom surface of each layer. k⊥ is the momentum in

the 2D surface BZ (we use h̄ = 1 units), σ is the triplet
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TI

d
TI

TI

FIG. 1. Schematic drawing of the proposed multilayer struc-
ture. Unhashed layers are the TI layers, while hashed layers
are the ordinary insulator spacers. Arrow in each TI layer
shows the magnetization direction. Only three periods of the
superlattice are shown in the figure, 20-30 unit cells can per-
haps be grown realistically.

of Pauli matrices acting on the real spin degree of free-

dom and τ are Pauli matrices acting on the which sur-
face pseudospin degree of freedom. The indices i, j label

distinct TI layers. The second term describes exchange

spin splitting of the surface states, which can be induced,

for example, by doping each TI layer with magnetic im-

purities, as has been recently demonstrated experimen-

tally [10]. The remaining terms in Eq.(2) describe tun-

neling between top and bottom surfaces within the same

TI layer (the term, proportional to ∆S), and between

top and bottom surfaces of neighboring TI layers (terms,

proportional to ∆D). Longer-range tunneling is assumed

to be negligible. We will regard m and ∆S,D as tunable

parameters and study the phase diagram of Eq.(2) as a

function of these parameters.

Let us initially assume that the spin splitting is ab-

sent, i.e. set m = 0. Diagonalizing Eq.(2) one finds the

following band dispersion:

�2k± = v2F (k
2
x + k2y) +∆2

(kz), (3)

where ∆(kz) =
�
∆2

S +∆2
D + 2∆S∆D cos(kzd), and d is

the superlattice period (i.e. TI layer plus spacer layer

thickness) in the growth (z) direction. This bandstruc-

ture is fully gapped when |∆S | �= |∆D|, but contains

Dirac nodes when ∆S/∆D = ±1. The nodes are lo-

cated at kz = π/d when ∆S/∆D = 1 and at kz = 0

when ∆S/∆D = −1 (kx = ky = 0 always). While both

cases are possible, we will assume the former for concrete-

ness and will take both tunneling matrix elements to be

positive (this choice does not affect any of our results).

Expanding the band dispersion near the Dirac point at

kx = ky = 0, kz = π/d to leading order in the momentum

one obtains:

�2k± = v2F (k
2
x + k2y) + ṽ2F k

2
z , (4)

where ṽF = d
√
∆S∆D. The momentum-space Hamilto-

nian near the Dirac node has the form:

H(k) = vF τ
z
(ẑ × σ) · k+ ṽF τ

ykz, (5)

which can be brought to a block-diagonal form, explic-

itly revealing a pair of two-component Weyl fermions

TI

Ins

ΔS

ΔD

QAH

Ins

Ins

Weyl
semimetal

ΔS

ΔD

m

m

0000

(a) m=0 (b) m≠0

FIG. 2. (Color online) Phase diagrams for (a) m = 0 and
(b) m �= 0. In (a), the red line represents the phase bound-
ary between topological insulator (TI) and ordinary insulator
(Ins). In (b), due to TR symmetry breaking, the distinction
between topological and ordinary insulators is moot, so the TI
in (a) has been converted to Ins. QAH denotes the quantum
anomalous Hall phase.

with opposite chirality, by a π/2 rotation around the x-
axis in the pseudospin space. Alternatively, in total this

is a conventional 4-component massless Dirac fermion.

As discussed above, since the two Weyl fermions are lo-

cated at the same point in momentum space, they are

topologically unstable. Any perturbation, for example

any deviation of the ratio ∆S/∆D from unity, immedi-

ately eliminates the degenerate Dirac node and produces

a fully gapped spectrum. With m = 0, the massless

Dirac point can be understood [5] as a critical point be-

tween topological (∆D > ∆S) and ordinary (∆D < ∆S)

insulators with both inversion and time-reversal symme-

try preserved (see Fig. 2a). To produce a topologically

stable phase with 3D Dirac nodes, the nodes have to be

separated in momentum space. As mentioned above, this

can generally be accomplished by breaking either TR or

I symmetries and there are in principle many ways to do

this. Here we will focus on one particular way, which is

perhaps the simplest from the point of view of a practi-

cal realization. Namely, as already mentioned above, we

will assume that each TI layer is doped with magnetic

impurities, producing a ferromagnetically-ordered state

within each layer, with magnetization along the growth

direction of the heterostructure. This leads to spin split-

ting of the surface states of magnitude m, described by

the second term in Eq.(2). The band dispersion is now

given by:

�2k± = v2F (k
2
x + k2y) + [m±∆(kz)]

2 . (6)

This dispersion has two nondegenerate Dirac nodes, sepa-

rated along the z-axis in momentum space, with locations

given by kz = π/d± k0, where:

k0 =
1

d
arccos

�
1− (m2 − (∆S −∆D)

2
)/2∆S∆D

�
. (7)

The nodes exist as long as:

m2
c1 = (∆S −∆D)

2 < m2 < m2
c2 = (∆S +∆D)

2. (8)
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I. INTRODUCTION

Study of gapped topological matter, such as quantum
Hall states, topological insulators (TI) and topological
superconductors, has become a central topic in condensed
matter physics.1 Topological materials exhibit a wide
range of exotic phenomena such as fractionalized exci-
tations, quantized responses and unusual surface states
that have become signature properties of these systems.
A rapidly growing trend in search of new topological ma-
terials is the rising interest in gapless phases.

Weyl semimetals are three-dimensional (3d) materi-
als where two energy bands touch at even number of
points in the reciprocal space.2 Band touching points,
called Weyl nodes, are possible in systems where ei-
ther inversion symmetry (IS) or time-reversal symmetry
(TRS) is broken. Robustness of Weyl semimetals fol-
lows from topological properties of Weyl nodes acting as
sources of the Berry curvature and defining monopoles
in momentum space.2,3 Characteristic physical proper-
ties of Weyl semimetals include unusual electromagnetic
response4–11 such as anisotropic DC conductivity and
anomalous Hall effect and existence of Fermi arcs and
topological surface states12 and exotic broken symmetry
states.13,14 There exists a number of promising theoret-
ical proposals9,12,15–21 but no experimental verification
has been achieved yet. While Weyl semimetals with bro-
ken TRS have been studied extensively, the time-reversal
invariant case has received much less attention.22 Weyl
semimetals with unbroken TRS are not merely of aca-
demic interest since quite generally there exists a Weyl
semimetal phase between a TI and a trivial insulator
phases when IS is broken.23,24

In this work we study a time-reversal invariant tight-
binding model in the zincblende lattice with a nearest
neighbor hopping and a spin-orbit coupled next-nearest
neighbor hopping. The orbitals on the different face-
centered cubic (FCC) sublattices have different onsite en-
ergies, thus leading to IS breaking. The studied model
is a variant of the Fu-Kane-Mele model realizing 3d TI
phases.25 It is interesting that breaking IS by onsite po-
tential leads to rich physics fundamentally different from
the gapped TI phases.

The studied model realizes a time-reversal invariant
Weyl semimetal with twelve inequivalent Weyl nodes.
In contrast to most of the previous studies where Weyl
semimetals are realized by stacked 2d layers, the surface
spectrum is identical for surfaces perpendicular to the
three cubic axes. Populated surface states form a num-
ber of helical time-reversed patches bounded by Fermi
arcs that are aligned with the cubic axes. Low-energy
excitations in the vicinity of the Fermi arcs are highly un-
usual consisting of particles moving only along the cubic
symmetry axes with their spin pointing to the perpen-
dicular direction. Thus the surface spectrum provides
a new type of helical metal very different from typical
TI surface states1 and magnetic or irradiated26 Rashba
systems. Considering that much of the interest in time-
reversal invariant TIs is concentrated on their helical sur-
face metal, helical surface states on Weyl metals offer in-
triguing alternative realization with distinct properties.
The studied model illustrates general features of Fermi
arc structures of time-reversal invariant Weyl semimetal
with common point-group symmetries.

II. THE STUDIED MODEL

We are studying a variant of the tight-binding model
on the zincblende lattice introduced by Fu, Kane and
Mele in their pioneering work of topological insulators in
three dimensions.25 The zincblende lattice consists of two
FCC lattices displaced along the space diagonal by one
quarter of its length. The Hamiltonian of the model is

H =−
�

�i,j�

(t c†i cj + h.c) +
�

i

Ei c
†
i ci

+ iλ
�

��i,j��

(c†ieij · s cj − h.c). (1)

The first term corresponds to the nearest-neighbour hop-
ping connecting points on different sublattices, the sec-
ond term represents the staggered onsite potential and
the last term is the spin-orbit hopping between the sec-
ond neighbours residing on the same sublattice charac-
terized by λ. Following Ref. 25, we have chosen a next-
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I. INTRODUCTION

Study of gapped topological matter, such as quantum
Hall states, topological insulators (TI) and topological
superconductors, has become a central topic in condensed
matter physics.1 Topological materials exhibit a wide
range of exotic phenomena such as fractionalized exci-
tations, quantized responses and unusual surface states
that have become signature properties of these systems.
A rapidly growing trend in search of new topological ma-
terials is the rising interest in gapless phases.

Weyl semimetals are three-dimensional (3d) materi-
als where two energy bands touch at even number of
points in the reciprocal space.2 Band touching points,
called Weyl nodes, are possible in systems where ei-
ther inversion symmetry (IS) or time-reversal symmetry
(TRS) is broken. Robustness of Weyl semimetals fol-
lows from topological properties of Weyl nodes acting as
sources of the Berry curvature and defining monopoles
in momentum space.2,3 Characteristic physical proper-
ties of Weyl semimetals include unusual electromagnetic
response4–11 such as anisotropic DC conductivity and
anomalous Hall effect and existence of Fermi arcs and
topological surface states12 and exotic broken symmetry
states.13,14 There exists a number of promising theoret-
ical proposals9,12,15–21 but no experimental verification
has been achieved yet. While Weyl semimetals with bro-
ken TRS have been studied extensively, the time-reversal
invariant case has received much less attention.22 Weyl
semimetals with unbroken TRS are not merely of aca-
demic interest since quite generally there exists a Weyl
semimetal phase between a TI and a trivial insulator
phases when IS is broken.23,24

In this work we study a time-reversal invariant tight-
binding model in the zincblende lattice with a nearest
neighbor hopping and a spin-orbit coupled next-nearest
neighbor hopping. The orbitals on the different face-
centered cubic (FCC) sublattices have different onsite en-
ergies, thus leading to IS breaking. The studied model
is a variant of the Fu-Kane-Mele model realizing 3d TI
phases.25 It is interesting that breaking IS by onsite po-
tential leads to rich physics fundamentally different from
the gapped TI phases.

The studied model realizes a time-reversal invariant
Weyl semimetal with twelve inequivalent Weyl nodes.
In contrast to most of the previous studies where Weyl
semimetals are realized by stacked 2d layers, the surface
spectrum is identical for surfaces perpendicular to the
three cubic axes. Populated surface states form a num-
ber of helical time-reversed patches bounded by Fermi
arcs that are aligned with the cubic axes. Low-energy
excitations in the vicinity of the Fermi arcs are highly un-
usual consisting of particles moving only along the cubic
symmetry axes with their spin pointing to the perpen-
dicular direction. Thus the surface spectrum provides
a new type of helical metal very different from typical
TI surface states1 and magnetic or irradiated26 Rashba
systems. Considering that much of the interest in time-
reversal invariant TIs is concentrated on their helical sur-
face metal, helical surface states on Weyl metals offer in-
triguing alternative realization with distinct properties.
The studied model illustrates general features of Fermi
arc structures of time-reversal invariant Weyl semimetal
with common point-group symmetries.

II. THE STUDIED MODEL

We are studying a variant of the tight-binding model
on the zincblende lattice introduced by Fu, Kane and
Mele in their pioneering work of topological insulators in
three dimensions.25 The zincblende lattice consists of two
FCC lattices displaced along the space diagonal by one
quarter of its length. The Hamiltonian of the model is

H =−
�

�i,j�

(t c†i cj + h.c) +
�

i

Ei c
†
i ci

+ iλ
�

��i,j��

(c†ieij · s cj − h.c). (1)

The first term corresponds to the nearest-neighbour hop-
ping connecting points on different sublattices, the sec-
ond term represents the staggered onsite potential and
the last term is the spin-orbit hopping between the sec-
ond neighbours residing on the same sublattice charac-
terized by λ. Following Ref. 25, we have chosen a next-
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Chern semimetal and Quantized Anomalous Hall E!ect in HgCr2Se4

Gang Xu, Hongming Weng, Zhijun Wang, Xi Dai, Zhong Fang
Beijing National Laboratory for Condensed Matter Physics,

and Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China;
(Dated: November 28, 2011)

In 3D momentum space, a topological phase boundary separating the Chern insulating layers from
normal insulating layers may exist, where the gap must be closed, resulting in a “Chern semimetal”
state with topologically unavoidable band crossings at the fermi level. This state is a condensed-
matter realization of Weyl fermions in (3+1) D, and should exhibit remarkable features, such as
magnetic monopoles and fermi arcs. Here we predict, based on first-principles calculations, that
such a novel quantum state can be realized in a known ferromagnetic compound HgCr2Se4, with a
single pair of Weyl fermions separated in momentum space. The quantum Hall e!ect without an
external magnetic field can be achieved in its quantum-well structure.

PACS numbers: 71.20.-b, 73.20.-r, 73.43.-f

Under broken time reversal symmetry, the topological
phases of two-dimensional (2D) insulators can be charac-
terized by an integer invariant, called Chern number [1],
which is also known as the TKNN number [2] or the num-
ber of chiral edge states [3] in the context of the quantum
Hall e!ect. 2D insulators can thus be classified as nor-
mal insulators or Chern insulators depending on whether
or not the Chern number vanishes. Since the Chern in-
variant is defined only for 2D insulators, it is natural to
ask what is its analog in 3D? Starting from a 2D Chern
insulating plane (say at kz = 0), and considering its evo-
lution as a function of kz , generally two situations may
happen. If the dispersion along kz is weak, such that
the Chern number remains unchanged, the system can
be viewed as the simple stacking of 2D Chern insulating
layers along the z direction. Such 3D Chern insulators
are trivial generalization of the Chern number to 3D,
which is quite similar to the weak topological insulators
in systems with time reversal symmetry. However, if the
dispersion along kz is strong, such that Chern number
changes as the function of kz , the system will be in a non-
trivial semimetal state with “topologically unavoidable”
band crossings located at the phase boundary separat-
ing the insulating layers in !k space with di!erent Chern
numbers [4, 5]. This is due to the fact that the change of
Chern number corresponds to a topological phase transi-
tion, which can happen only if the gap is closed. From the
Kohn-Luttinger theorem, we can always expect that the
band crossings appear at the fermi level at stoichiometry.

This Chern semimetal state, if found to exist, can be
regarded as a condensed matter realization of (3+1)D
chiral fermions (or called Weyl fermions) in the relativis-
tic quantum field theory, where the field can be described
by the 2-component Weyl spinors [6] (either left- or right-
handed), which are half of the Dirac spinors and must ap-
pear in pairs. The band-crossing points orWeyl nodes are
topological objects in the following senses. First, since
no mass is allowed in 2!2 Hamiltonian, the Weyl nodes
should be locally stable and can only be removed when a

pair of Weyl nodes meet together in the !k space. Second
the Weyl nodes are “topological defects” of the gauge
field associated with the Berry’s curvature in momen-
tum space [7–9]. The gauge field around the neighbor-
hood of the Weyl node must be singularly enhanced, and
behaves like magnetic field originating from a magnetic
monopole [8]. The physical consequence of such a gauge
field has been discussed in the context of anomalous Hall
e!ect [7, 8, 10] observed in ferromagnetic (FM) metals,
where the Weyl nodes, if any, are always submerged by
the complicated band structures.

In this Chern semimetal state, we may also expect un-
usual features like non-closed fermi surfaces (fermi arcs)
on the side surfaces. The possible fermi arcs have been
recently discussed from a view point of accidental degen-
eracy, and prospected for non-collinear antiferromagnetic
pyrochlore iridates [11] by the fine-tuning of electron cor-
relation U . Since the correct U and the real magnetic or-
dering is still unknown, we have to wait for its material
realization. In this paper, we will show that such a novel
Chern semimetal state is actually realized as the ground
state of a known FM material HgCr2Se4, with only a sin-
gle pair of Weyl nodes separated in the momentum space.
We further find that the long-pursuing quantized anoma-
lous Hall e!ect (QAHE) [12–15], i.e., the quantum Hall
e!ect without an external magnetic field, can be achieved
in the quantum-well structure of HgCr2Se4.

HgCr2Se4 is a FM spinel exhibiting large coupling ef-
fects between electronic and magnetic properties [16]. It
shows novel properties like giant magnetoresistance [17],
anomalous Hall e!ect [18], and red shift of optical ab-
sorption edge [19]. Its Curie temperature Tc is high
(around 106"120 K), and its saturated moment is 5.64
µB/f.u. [20, 21], approaching the atomic value expected
for high-spin Cr3+. Its transport behavior is di!erent
from other FM chalcogenide spinels, like CdCr2Se4 and
CdCr2S4 which are clearly semiconducting. HgCr2Se4
exhibits semiconducting character in the paramagnetic
state but metallic in the low temperature FM phase [17,
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Topological electronic structure and Weyl semimetal in the TlBiSe2 class of
semiconductors

Bahadur Singh1, Ashutosh Sharma1, H. Lin2, M.Z. Hasan3,4, R. Prasad1 and A. Bansil2
1Department of Physics, Indian Institute of Technology Kanpur, Kanpur 208016, India
2Department of Physics, Northeastern University, Boston, Massachusetts 02115, USA

3Joseph Henry Laboratory, Department of Physics,
Princeton University, Princeton, New Jersey 08544, USA

4Princeton Center for Complex Materials, Princeton University, Princeton, New Jersey 08544, USA

We present an analysis of bulk and surface electronic structures of thallium based ternary III-V-
VI2 series of compounds TlMQ2, where M=Bi or Sb and Q=S, Se or Te, using the ab initio density
functional theory framework. Based on parity analysis and (111) surface electronic structure, we
predict TlSbSe2, TlSbTe2, TlBiSe2 and TlBiTe2 to be non-trivial topological insulators with a single
Dirac cone at the !-point, and TlSbS2 and TlBiS2 to be trivial band insulators. Our predicted
topological phases agree well with available angle-resolved photoemission spectroscopy (ARPES)
measurements, in particular the topological phase changes between TlBiSe2 and TlBiS2. Moreover,
we propose that Weyl semimetal can be realized at the topological critical point in TlBi(S1!xSex)2
and TlBi(S1!xTex)2 alloys by breaking the inversion symmetry in the layer by layer growth in the
order of Tl-Se(Te)-Bi-S, yielding six Dirac cones centered along the ! ! L directions in the bulk
band structure.

PACS numbers: 71.20.Nr, 71.15.Dx, 71.10.Pm, 73.20.At

I. INTRODUCTION

Topological insulators are a new class of materials,
which have attracted intense interest in the last few
years1–3 due to their exotic properties. These materi-
als support an odd number of surface state bands with
linear dispersion in the bulk energy gap, which can be
viewed as a sea of massless Dirac Fermions. The conduct-
ing surface states in topological insulators are protected
by time-reversal symmetry and are immune to scatter-
ing by non-magnetic impurities, thus opening new av-
enues for dissipationless transport. There also is a vig-
orous ongoing search for topological superconductors4,5,
with the possibility of realizing Majorana fermions, which
are their own antiparticles6 with potential application to
quantum computing7. Topological insulators have also
generated a considerable excitement due to the possibil-
ity of exploring the Higgs mechanism and realization of
a Weyl semimetal in a condensed matter system.8–13

A topological phase was initially predicted in 2D
HgTe/CdTe quantum wells14 and subsequently verified
experimentally15. Soon thereafter a 2D conducting sur-
face state was realized in the bulk band gap of three di-
mensional thermoelectrics16–18 Bi1!xSbx, Bi2Se3, Bi2Te3
and Sb2Te3. However, magnetotransport studies19? –21

have shown that bulk transport dominates in these ma-
terials, motivating continued search for other 3D topo-
logical insulators with single Dirac cone surface states
residing in the bulk energy gap. Since then first-
principles calculations have suggested a large variety of
topologically interesting materials ranging from oxides22

to the Heusler family of compounds23–25. Another
class is thallium based ternary III-V-VI2 chalcogenides,
which were proposed theoretically26,27 and then verified
experimentally28–30. These studies showed the existence

of single Dirac cone type surface states at the !-point
in TlSbSe2, TlSbTe2, TlBiSe2 and TlBiTe2. Also, it has
been found that p doped TlBiTe2 superconducts31, where
superconductivity is attributed to six leaf like bulk pock-
ets in the Fermi surface and the surface state becomes
superconducting29.

Interestingly, recent studies32,33 of TlBi(S1!xSex)2 al-
loys show that a topological phase transition can be re-
alized by modulating either spin-orbit coupling or the
crystal structure, and that the surface Dirac fermion be-
comes massive at the quantum phase transition. This
can be viewed as a condensed matter version of the Higgs
mechanism in which a particle acquires a mass by sponta-
neous symmetry breaking. This system thus may provide
a model system which connects condensed-matter physics
to particle physics. It has also been proposed that a Weyl
semimetal phase34,35 could be achieved at the phase tran-
sition between a topological and normal insulator if we
explicitly break time reversal symmetry8,9 or inversion
symmetry10,11. In this new phase, valence and conduc-
tion bands touch at certain points, called Weyl points,
where dispersion is linear. These Weyl points come in
pairs with positive and negative helicities and are robust
to perturbations in the bulk material.

Our motivation for undertaking the present study is
to provide a comprehensive investigation of the bulk
and surface electronic structures of the thallium based
ternary III-V-VI2 series of compounds TlMQ2, where
M=Bi or Sb and Q=S, Se or Te, within a uniform
first principles framework. In particular, not only the
nontrivial compounds are studied36,37 but the topolog-
ically trivial compounds TlBi(Sb)S2 is included since
the recent ARPES measurement observed the topolog-
ical phase transition in the alloy TlBi(Se,S)2 between
nontrivial TlBiSe2 and trivial TlBiS2.33 We compare our
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Weyl semimetals from noncentrosymmetric topological insulators

Jianpeng Liu1 and David Vanderbilt1
1Department of Physics and Astronomy, Rutgers University, Piscataway, NJ 08854-8019, USA

(Dated: September 24, 2014)

We study the problem of phase transitions from 3D topological to normal insulators without inversion sym-
metry. In contrast with the conclusions of some previous work, we show that a Weyl semimetal always exists as
an intermediate phase regardless of any constriant from lattice symmetries, although the interval of the critical
region is sensitive to the choice of path in the parameter space and can be very narrow. We demonstrate this
behavior by carrying out first-principles calculations on the noncentrosymmetric topological insulators LaBiTe3
and LuBiTe3 and the trivial insulator BiTeI. We find that a robust Weyl-semimetal phase exists in the solid
solutions LaBi1!xSbxTe3 and LuBi1!xSbxTe3 for x! 38.5 " 41.9% and x! 40.5 " 45.1% respectively. A
low-energy effective model is also constructed to describe the critical behavior in these two materials. In BiTeI,
a Weyl semimetal also appears with applied pressure, but only within a very small pressure range, which may
explain why it has not been experimentally observed.

PACS numbers: 73.43.Nq, 73.20.At, 78.40.Kc

I. INTRODUCTION

The significance of topology in determining electronic
properties has became widely appreciated with the discovery
of the integer quantum Hall effect and been highlighted fur-
ther by the recent interest in topological insulators (TIs).1–4

In topological band theory, a topological index, such as the
Chern number or the Z2 index, is well-defined only for gapped
systems, and the topological character is signaled by the pres-
ence of novel gapless surface states which cannot exist in
any isolated 2D system.3,4 Recently, the concept of topologi-
cal phases is further generalized to 3D bulk gapless systems,
whose topological behavior is protected by lattice transla-
tional symmetry, known as the Weyl semimetal (WSM).5–9

A Weyl semimetal is characterized by a Fermi energy that
intersects the bulk bands only at one or more pairs of band-
touching points (BTPs) between nondegenerate valence and
conduction bands. This can occur in the presence of spin-
orbit coupling (SOC), typically in a crystal with broken time-
reversal or inversion symmetry but not both, so that the pairs
are of the form (k0, !k0) in the Brillouin zone (BZ). The ef-
fective Hamiltonian around a single BTP k0 can be written as
H(k) = f0(k) + f(k) ·!, where f0 and f are scalar and vec-
tor functions respectively of wavevector in the BZ and the !j

are the Pauli matrices acting in the two-band space. If one ex-
pands the coefficient f(k) to linear order around k0, one gets a
Hamiltonian having the form of the Weyl Hamiltonian in rel-
ativistic quantum mechanics after a coordinate transformation
in k space. If the sign of the determinant of the Jacobian that
describes the coordinate transformation is positive (negative),
we call the BTP as a Weyl node with positive (negative) chiral-
ity, and the low-energy excitations around such a Weyl node
provide a condensed-matter realization of left-handed (right-
handed) Weyl fermions.

These pairs of Weyl nodes are topologically protected in the
sense that they are robust against small perturbations, which
can be see from the codimension argument as follows. One
can introduce a parameter " that acts as a perturbation on
the BTP, and let both f0 and f to be dependent on ". In or-
der to get a band touching at (k0,"0), the three coefficients

f " (fx, fy, fz) have to vanish. However, since there are four
degrees of freedom, if "0 # "0 + #", instead of opening
a gap, the Weyl node would just shift slightly in momentum
to compensate for the perturbation. In fact, there is no way
to remove a Weyl node unless two Weyl nodes with opposite
chirality annihilate each other.

If the two Weyl nodes are aligned in energy due to either
time-reversal or some lattice symmetry, and the bands are
filled right up to the Weyl nodes, then the Fermi energy would
be locked there regardless of weak perturbations. That is, the
Fermi level could be slightly shifted upward (downward) due
to some weak perturbation, such that there is an electron-like
(hole-like) Fermi surface, then there must also be a hole-like
(electron-like) Fermi surface to conserve the total number of
electrons, which is impossible in such a a semimetal. It fol-
lows that the low-energy physics in the Weyl semimetal is
completely dominated by the linearly dispersing states around
the Weyl nodes, which leads to interesting surface states and
transport properties.

The presence of Weyl nodes in the bulk bandstructure is re-
sponsible for the presence of Fermi arcs at the surface, which
can be understood as follows.7,8 Consider a small loop in the
2D surface BZ that encloses the projection along kz of one
Weyl point. When translated along kz , this loop traces out a
surface in the 3D BZ, and the application of Gauss’s theorem
implies that the Chern number on this surface must equal the
chirality of the enclosed Weyl node. It follows that as (kx, ky)
is carried around the loop, a single electron is pumped up to
(or down from) the top surface, and this is only consistent
with charge conservation if a single surface state crosses the
Fermi energyEF during the cycle. Since this argument applies
for an arbitrary loop, surface states must exist at EF along
some arc emerging from the surface-projected Weyl point. If
there is another Weyl node with opposite chirality, then the
Chern number can vanish once the cylinder encloses both of
the nodes, such that the Fermi arc would only extend between
the two projected Weyl nodes.7,8

In a WSM with broken time-reversal (TR) symmetry, there
is also a non-zero anomalous Hall conductivity (AHC) that is
closely related to the positions of the Weyl nodes.10–12 Con-
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Weyl Node and Spin Texture in Trigonal Tellurium and Selenium

Motoaki Hirayama,1, 2, 3 Ryo Okugawa,2 Shoji Ishibashi,1 Shuichi Murakami,2, 3 and Takashi Miyake1
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2Department of Physics, Tokyo Institute of Technology, Ookayama, Meguro-ku, Tokyo 152-8551, Japan
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We study Weyl nodes in materials with broken inversion symmetry. We find based on first-principles calcu-
lations that trigonal Te and Se have multiple Weyl nodes near the Fermi level. The conduction bands have a
spin splitting similar to the Rashba splitting around the H points, but unlike the Rashba splitting the spin direc-
tions are radial, forming a hedgehog spin texture around the H points, with a nonzero Pontryagin index for each
spin-split conduction band. The Weyl semimetal phase, which has never been observed in real materials without
inversion symmetry, is realized under pressure. The evolution of the spin texture by varying the pressure can be
explained by the evolution of the Weyl nodes in k space.

PACS numbers: 71.20.Mq, 71.70.Ej, 03.65.Vf, 71.30.+h

Materials having a linear dispersion (Dirac cone) such as
graphene [1] have been under intensive investigation recently.
Among various Dirac cones in band structures of solids, three-
dimensional Dirac cones without spin degeneracy are of par-
ticular interest because of their topological nature. A material
having three-dimensional Dirac dispersion without degener-
acy near the Fermi energy is called a Weyl semimetal [2].
In Weyl semimetals the Dirac cones have no spin degener-
acy because of the spin-orbit interaction (SOI). The gapless
Dirac points without degeneracy are called Weyl nodes. Inter-
estingly, the Weyl nodes are protected topologically against
small perturbations because they have nontrivial topological
invariants, namely a monopole charge associated with the
Berry curvature in k space [3–5]. Each Weyl node is either
a monopole or an antimonopole, having a monopole charge of
+1 or !1, respectively. The e!ective Hamiltonian around the
Weyl node is expressed by a 2 " 2 matrix which has degrees
of freedom of helicity reflecting the monopole charge. Thus
the system having Weyl nodes naturally has nontrivial spin
texture. In particular, if the lattice structure lacks mirror sym-
metry, the Weyl node will bring unconventional spin texture
and nontrivial phenomena, because mirror symmetry imposes
strong restrictions on the spin direction. The Weyl semimetal
is realized in a system which breaks time-reversal or inversion
symmetry. For Weyl semimetals with broken time-reversal
symmetry, pyrochlore iridates [2, 6], HgCr2Se4 [7], and a su-
perlattice with a normal insulator and a topological insulator
with magnetic doping [8, 9] have been proposed. On the other
hand, for Weyl semimetals with broken inversion symmetry,
a superlattice consisting of a normal insulator and a topolog-
ical insulator with an external electric field is proposed [10],
while there have been no proposals of real materials for Weyl
semimetals without inversion symmetry.

In this letter, we will show using first-principles calcula-
tions that trigonal Te and Se are such systems. The materials
are gapped at ambient pressure. We find spin-split conduction
bands near the Fermi energy, where the bands are degener-
ate at the H point, and the splitting is linear in the wavevector.
This degeneracy has a unit monopole charge for the Berry cur-
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FIG. 1. (Color online) (a) Crystal structure of trigonal Te (Se) in
the P3121 structure. (b)-(d) Isosurface of the maximally localized
Wannier functions for the Te-5p orbitals.

vature, and can be regarded as a Weyl node. The spin around
the H point is hedgehog-like radial texture, which reflects low
symmetry of the lattice structure. It is in contrast with the typ-
ical spin splitting where spin and velocity are perpendicular to
each other, observed in Rashba systems [11, 12] and in topo-
logical insulators [13]. We also find that trigonal Te shows
the Weyl semimetal phase with time-reversal symmetry under
pressure. The hallmark of the Weyl semimetal phase can be
experimentally observed by e.g. the temperature dependence
of various physical quantities such as specific heat, compress-
ibility, diamagnetic susceptibility, and dc conductivity [14].

Te and Se have a characteristic helical structure, as shown
in Fig. 1 (a). The helical chains containing three atoms in a
cell are arranged in a hexagonal array. The space group is
P3121 or P3221 (D4

3 or D6
3) depending on the right-handed

or left-handed screw axis. The materials are p electron sys-
tems (Figs. 1(b)-(d)). They are semiconducting at ambient
pressure. A transition to metal takes place under pressure.
The trigonal phase is stable at about 4 and 14 GPa at room
temperature in Te and Se, respectively, and the pressure of

PRB 90, 155316 (2014)

We summarize the roles played by different mass terms:
m1;2 terms split the nodal ring into two nondegenerate
rings. With the m1 (m2) term alone, the ring is the crossing
of two bands with the same (opposite) mirror eigenvalues.
m3;5 terms gap the nodal ring except at ky ! kz ! 0. The
m4 term alone or coexisting with the m3 term fully gaps
the ring. The m4 term coexisting with m5 produces four
Weyl nodes away from the kz ! 0 plane. The m6 term
creates a pair of Weyl nodes on the kz ! 0 plane, symmetric
about ky ! 0.
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Based on first-principle calculations, we show that a family of nonmagnetic materials including TaAs,
TaP, NbAs, and NbP are Weyl semimetals (WSM) without inversion centers. We find twelve pairs of Weyl
points in the whole Brillouin zone (BZ) for each of them. In the absence of spin-orbit coupling (SOC),
band inversions in mirror-invariant planes lead to gapless nodal rings in the energy-momentum dispersion.
The strong SOC in these materials then opens full gaps in the mirror planes, generating nonzero mirror
Chern numbers and Weyl points off the mirror planes. The resulting surface-state Fermi arc structures on
both (001) and (100) surfaces are also obtained, and they show interesting shapes, pointing to fascinating
playgrounds for future experimental studies.

DOI: 10.1103/PhysRevX.5.011029 Subject Areas: Condensed Matter Physics,
Materials Science,
Topological Insulators

I. INTRODUCTION

Most topological invariants in condensed-matter non-
interacting phases are defined on closed manifolds in
momentum space. For gapped systems, both the Chern
insulator and Z2 topological insulator phases can be defined
using the Berry phase and curvature in either the entire or
half of the two-dimensional (2D) Brillouin zone (BZ),
respectively [1,2]. A similar idea can be generalized to
gapless metallic systems. In three-dimensional (3D) sys-
tems, besides the BZ, an important closed manifold in
momentum space is a 2D Fermi surface (FS). Topological
metals can be defined by Chern numbers of the single-
particle wave functions at the Fermi surface energies [3–5].
Such nonzero FS Chern numbers appear when the FS
encloses a band-crossing point—the Weyl point—which
can be viewed as a singular point of Berry curvature or
“magnetic monopole” in momentum space [6–9]. Materials
with such Weyl points near the Fermi level are called Weyl
semimetals (WSM) [7–10].
Weyl points can only appear when the spin-doublet

degeneracy of the bands is removed by breaking either time
reversal T or spacial inversion symmetry P (in fact, Weyl
points exist if the system does not respect T · P). In these
cases, the low-energy single-particle Hamiltonian around a

Weyl point can be written as a 2 ! 2 “Weyl equation,”
which is half of the Dirac equation in three dimensions.
According to the “no-go theorem” [11,12], for any lattice
model, the Weyl points always appear in pairs of opposite
chirality or monopole charge. The conservation of chirality
is one of the many ways to understand the topological
stability of the WSM against any perturbation that pre-
serves translational symmetry: The only way to annihilate a
pair of Weyl points with opposite chirality is to move them
to the same point in BZ. Since generically the Weyls can sit
far away from each other in the BZ, this requires large
changes of Hamiltonian parameters, and theWSM is stable.
The existence of Weyl points near the Fermi level will lead
to several unique physical properties, including the appear-
ance of discontinuous Fermi surfaces (Fermi arcs) on the
surface [7–9], the Adler-Bell-Jackiw anomaly [10,13–15],
and others [16,17].
The first proposal to realize WSM in condensed-matter

materials was suggested in Ref. [7] for Rn2Ir2O7 pyro-
chlore with all-in/all-out magnetic structure, where 24 pairs
of Weyl points emerge as the system undergoes the
magnetic ordering transition. A relatively simpler system
HgCr2Se4 [9] was then proposed by some of the present
authors, where a pair of double-Weyl points due to
quadratic band crossing appear when the system is in a
ferromagnetic phase. Another proposal involves a fine-
tuned multilayer structure of normal insulators and mag-
netically doped topological insulators [18]. These proposed
WSM systems involve magnetic materials, where the spin
degeneracy of the bands is removed by breaking time-
reversal symmetry. As mentioned, the WSM can also be
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Abstract 

Weyl semimetals are a class of materials that can be regarded as three-dimensional 

analogs of graphene breaking time reversal or inversion symmetry. Electrons in a Weyl 

semimetal behave as Weyl fermions, which have many exotic properties, such as chiral 

anomaly and magnetic monopoles in the crystal momentum space. The surface state of a 

Weyl semimetal displays pairs of entangled Fermi arcs at two opposite surfaces. 

However, the existence of Weyl semimetals has not yet been proved experimentally. 

Here we report the experimental realization of a Weyl semimetal in TaAs by observing 

Fermi arcs formed by its surface states using angle-resolved photoemission spectroscopy. 

Our first-principles calculations, matching remarkably well with the experimental results, 

further confirm that TaAs is a Weyl semimetal. 
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Discovery of a Weyl Fermion Semimetal  and  Topological Fermi Arcs 
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Bian,1 Chenglong Zhang,4 Raman Sankar,5 Guoqing Chang,6, 7 Zhujun Yuan,4 Chi-Cheng Lee,6, 7 
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Abstract: A Weyl semimetal is a crystal which hosts Weyl fermions as emergent quasiparticles 

and admits a topological classification that protects Fermi arc surface states on the boundary of a 

bulk sample. This unusual electronic structure has deep analogies with particle physics and leads 

to unique topological properties. We report the experimental discovery of the first Weyl 

semimetal, TaAs. Using photoemission spectroscopy, we directly observe Fermi arcs on the 

surface, as well as the Weyl fermion cones and Weyl nodes in the bulk of TaAs single crystals. 

We find that Fermi arcs terminate on the Weyl nodes, consistent with their topological character. 

Our work opens the field for the experimental study of Weyl fermions in physics and materials 

science.  

NoteAdded: This experimental discovery (Science 2015) is based on our earlier 2014 theoretical 

discovery/prediction reported at [Huang et al., Nature Commun. 6:7373 (2015) submitted (Nov. 

2014). http://www.nature.com/ncomms/2015/150612/ncomms8373/full/ncomms8373.html.  

This is the first theoretical prediction of TaAs being a Weyl semimetal with Fermi arcs. All other 

theory papers were submitted at least 6 weeks after our theoretical prediction of TaAs, see 

http://www.nature.com/ncomms/2015/150612/ncomms8373/full/ncomms8373.html.] 

 

of-plane  direction. (F) First-principles calculated  dispersion that corresponds to the 

Cut 2 shown in panel E. (G) ARPES measured  Fermi surface maps at the  value that 

corresponds to the W1 Weyl nodes. The dotted line defines the -space cut direction for Cut 3, 

which goes through the W1 Weyl nodes along the  direction. (H,I) ARPES  dispersion 

map and its zoomed-in version along the Cut 3 direction, revealing the linearly dispersive W1 

Weyl cone. (J) First-principles calculation shows a  energy difference between the W1 

and W2 Weyl nodes. 
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Fermi surface interconnectivity and topology in Weyl fermion semimetals TaAs, TaP,

NbAs, and NbP

Chi-Cheng Lee,1, 2 Su-Yang Xu,3 Shin-Ming Huang,1, 2 Daniel S. Sanchez,3 Ilya
Belopolski,3 Guoqing Chang,1, 2 Guang Bian,3 Nasser Alidoust,3 Hao Zheng,3 Madhab
Neupane,3, 4 Baokai Wang,1, 2, 5 Arun Bansil,5 M. Zahid Hasan,3, 6 and Hsin Lin1, 2

1Centre for Advanced 2D Materials and Graphene Research Centre
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The family of binary compounds including TaAs, TaP, NbAs, and NbP was recently discovered
as the first realization of Weyl semimetals. In order to develop a comprehensive description of the
charge carriers in these Weyl semimetals, we performed a detailed and systematic electronic band
structure calculations which reveal the nature of Fermi surfaces and their complex interconnectivity
in TaAs, TaP, NbAs, and NbP. Our work report the first comparative and comprehensive study
of Fermi surface topology and band structure details of all known members of the Weyl semimetal
family and provide the necessary building blocks for advancing our understanding of their unique
topologically protected low-energy Weyl fermion physics.

I. INTRODUCTION

The discovery of Dirac fermions as low-energy quasi-
particle excitations in graphene and on the surfaces
of topological insulators has drawn significant atten-
tion in both fundamental physics research and device
applications1–34. Since these Dirac-like fermions prop-
agate as massless relativistic particles they behave dif-
ferently from the conventional charge carriers in met-
als, semiconductors, and insulators. Recently, a new
form of massless fermions with lifted degeneracy at the
nodal point, from four-fold to two-fold, has been pro-
posed to exist in condensed matter systems through
a time reserval or inversion symmetry breaking mech-
anism. This symmetry breaking operation modifies
the quasi-particle’s dispersion relation from a Dirac to
a Weyl equation.1–34 Many theoretical proposals ex-
ist for realizing Weyl semimetals that possess inter-
esting physical properties, such as discontinuous Fermi
arcs and negative magnetoresistance due to the chiral
anomaly.4,6–10,19–29,31,32,34 AWeyl node with definite chi-
rality is associated with the Berry curvature and may be
thought of as realizations of magnetic monopoles in mo-
mentum space.30,61

Recent theoretical works have proposed the realiza-
tion of the Weyl semimetal state in the inversion sym-
metry breaking TaAs family.11,13 Shortly after the pre-
diction, the first Weyl semimetal was experimentally dis-
covered in TaAs12. The electronic Weyl semimetal state
in TaAs was experimentally observed through photoe-
mission spectroscopy12,14. Electrical transport experi-
ments have shown that TaAs has very high mobility35

and, therefore, is consistent with the protected nature of
the Weyl fermions and reported signatures of the chiral
anomaly36,37. Soon after the initial experimental discov-
ery other independent photoemission experimental works
have confirmed the Weyl semimetal state in TaAs and,
furthermore, the Weyl state in other members of the same
family, which includes NbAs and TaP.38–42

Provided the inclusion of spin-orbit coupling, these
four non-centrosymmetric compounds are proposed to re-
alize Weyl fermions without breaking time-reversal sym-
metry and, consequently, are easily studied under ambi-
ent conditions. For example, no external magnetic field
or pressure is required for the realization of the Weyl
semimetal state in this TaAs family.11,12 Conventional
semimetals are materials that have a small overlap in
energy between the valence and conduction bands. By
contrast, a Weyl semimetal has valence and conduction
bands that touch at a set of discrete points in the bulk
Brillouin zone, called the Weyl nodes. In the presence of
additional doping, Fermi pockets, or multiple Weyl nodes
at di!erent energies, a Weyl semimetal will naturally con-
tain electron and hole charge carriers, giving rise to a
compensated semimetal. This is indeed the case for the
TaAs family of Weyl materials as reported in photoemis-
sion and transport experiments12,14,35–51 The Fermi sur-
faces can originate from the conduction or valence band
crossing the Fermi energy, the Weyl cones, and their com-
binations. The charge carriers are expected to have small
concentrations with a high mobility, at least for the Weyl
fermions. The interplay between tunable concentrations
of multiple charge carriers, high Fermi velocities, and the
protected nature of the Weyl fermion carriers suggests a
new avenue for designing novel electronic devices. The

PRB 92, 235104 (2015)
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Unveiling a crystalline topological insulator in a Weyl semimetal with time-reversal
symmetry
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We consider a natural generalization of the lattice model for a periodic array of two layers, A
and B, of spinless electrons proposed by Fu [Phys. Rev. Lett. 106, 106802 (2011)] as a prototype
for a crystalline insulator. This model has time-reversal symmetry and broken inversion symmetry.
We show that when the intralayer next-nearest-neighbor hoppings ta2 , a = A,B vanish, this model
supports a Weyl semimetal phase for a wide range of the remaining model parameters. When
the e!ect of ta2 is considered, topological crystalline insulating phases take place within the Weyl
semimetal one. By mapping to an e!ective Weyl Hamiltonian we derive some analytical results for
the phase diagram as well as for the structure of the nodes in the spectrum of the Weyl semimetal.

PACS numbers: 73.20-r,73.20.At, 73.43.Nq

I. INTRODUCTION

In recent years, it has become clear that topology
plays a crucial role in classifying the phases of mat-
ter. The prelude of this important conceptual develop-
ment took place in the ’80s with the discovery of the
quantum Hall e!ect in two-dimensional electron gases
in strong magnetic fields1. The fact that a pure mag-
netic field is not crucial to get a topological state in
an electron lattice was later proposed by Haldane.2

The recent advances were triggered by the theoreti-
cal proposal and subsequent experimental observation
of two-dimensional (2D) topological insulators. These
were originally regarded as extensions of the quantum
Hall e!ect to time-reversal invariant systems which are
subject to a strong spin-orbit interaction3–5. Since
then, a number of additional topological systems were
proposed, including three-dimensional (3D) topological
insulators6,7, topological superconductors,8–16 topolog-
ical crystalline insulators (TCI),17,18 as well as Weyl
semimetals (WSM).20–23,28,29

The role of crystal point symmetries, usually present
in real solids, to characterize the topological properties
of the band structure was stressed in Ref. 17, where the
concept of “topological crystalline insulator”was intro-
duced. These are 3D systems which have fourfold (C4) or
six-fold (C6) rotational symmetries and display topologi-
cally non-trivial insulating phases with surface protected
metallic states in high-symmetry directions. Unlike other
topological insulators, spin-orbit coupling is not a crucial
ingredient to drive the TCI phase. In fact, this phase
could take place even in a spinless system. A prototypical
model supporting the TCI phase was formulated in Ref.
17 on the basis of a tight-binding Hamiltonian for spin-
less electrons. The possible realization of the TCI phase
in the compound SnTe, as well as the compounds PbTe
and PbSe under pressure was discussed in Ref. 18. In-

terestingly, the possibility of realizing 2D Dirac fermions
and the ”parity anomaly” in PbTe had been previously
suggested in an early work.19

The underlying point group symmetry was also identi-
fied as the main ingredient to stabilize other topological
properties like the type of dispersion relation around the
nodes of Weyl semimetals.21 Unlike the topological in-
sulators, which have a gap in the spectrum, WSMs are
characterized by gapless points (Weyl nodes) in the Bril-
louin zone. Close to the nodes, the e!ective Hamiltonian
is that of a 3D Weyl fermion.21,22 As stressed in Ref. 23,
the band touching at the nodes in these 3D systems is
possible when inversion symmetry or time reversal sym-
metry is broken. The WSM phase provides the scenario
for several exotic phenomena, like the so called chiral
anomaly in the presence of electric and magnetic fields,24

and the existence of topologically protected surfaces and
Fermi arcs in slab configurations. In Ref. 23 a model with
time-reversal symmetry based on a tight-binding Hamil-
tonian, containing a spin-orbit term but broken inversion
symmetry was studied as an example of a lattice model
for a Weyl semimetal. More recently, another model con-
taining a WSM phase with time-reversal symmetry was
analyzed.28 This model is the tight-binding Hamiltonian
with spin-orbit interaction, proposed by Fu, Kane and
Mele6 as a prototype for a topological insulator. In Ref.
28 it was considered in a 3D diamond lattice with the
additional ingredient of a staggered on-site potential to
break the inversion symmetry and the WSM is shown
to take place in the middle of two topological insulating
phases.
In the present work, we show that a natural generaliza-

tion of the model introduced in Ref. 17 as a prototype of
a TCI, has a rich phase diagram, including also a WSM
phase. Actually, we show that the latter phase can be re-
garded as the mother phase of the TCI one. This model
has the symmetry that corresponds to the space group
P4mm and time-reversal symmetry. The point group is

PRB 90, 125101 (2014)
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a generalized Weyl Hamiltonian, which can be exactly
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range of parameters there exist a WSM phase with nodes
in 3D and Fermi arcs in the slab, as well as a normal in-
sulating phase. In Section V we analyze the role of the
next-nearest neighbor hopping parameter and find that
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Finally, we present a summary in Section VI and we dis-
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We show that for such case and other parameters close

or identical to those considered in Ref. 17, the present
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posite parities under a reflection through the xz plane.
The hopping elements t!2 and t!!2 correspond to the hop-
ping between d!z (or p!) orbitals of di!erent z planes
aligned in the ! direction or in the perpendicular one
respectively. In the general case, we expect t!2 > t!!2 .
We show that for such case and other parameters close

or identical to those considered in Ref. 17, the present
model exhibits a WSM phase with Fermi arcs and Weyl
nodes. A crucial ingredient is that the signs of tA1 and
tB1 are opposite. This could happen if for example in
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The paper is organized as follows. We present the
model in Section II. It consists in a tight-binding Hamil-
tonian for spinless electrons with two layers and two or-
bitals per unit cell, very similar to the one proposed by
Fu in Ref. 17. The features of the band structure in
the di!erent expected phases are summarized in Section
III. In Section IV we consider a limit of the model where
the in-plane next-nearest neighbor hopping parameters
vanish. In this limit, the e!ective low energy model is
a generalized Weyl Hamiltonian, which can be exactly
solved. We find the phase diagram in this limit and an-
alyze the structure of the spectrum in the bulk as well
as in a slab configuration. We show that within a wide
range of parameters there exist a WSM phase with nodes
in 3D and Fermi arcs in the slab, as well as a normal in-
sulating phase. In Section V we analyze the role of the
next-nearest neighbor hopping parameter and find that
this ingredient drives TCI phases within the WSM one.
Finally, we present a summary in Section VI and we dis-
cuss which materials are candidates to realize the present
model and phases.
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the A plane, the e!ective hopping between d!z orbitals
is originated by a second-order process through interme-
diate occupied p! orbitals of an atom lying in the mid-
dle, as shown in Fig. 1 (a very usual case in perovskites
of transition metals and oxygen), while in the B plane,
the intermediate occupied orbitals are s instead of the
p! ones. Further discussion on this point is deferred to
Section VI.

III. PHASES AND SPECTRAL PROPERTIES

The band structure of H(k) indicates the existence of
three possible phases in this model, depending on the
ratio between the di!erent hopping elements.

A. Normal insulator
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FIG. 2. (Color online) Band structure of the slab with N = 40
bilayers in the NI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t

!

1 = 3.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1 States
of the surfaces are shown in thick magenta lines. States of the
surfaces with energies at the boundary of the gap are shown
in thick magenta lines.

The normal insulator (NI) phase is characterized by a
spectrum with a gap in all the k = (kx, ky, kz) points of
the first 3D Brillouin zone as well as a spectrum with gap
for a slab configuration with N bilayers. An example is
shown in Fig. 2.

B. Topological crystalline insulator

The topological crystalline insulator (TCI) phase is the
one introduced in Ref. 17. It is also characterized by a
gapped spectrum in the bulk but metallic surface states
along the direction (001), which preserves C4 symmetry.
These states are doubly degenerate at the high-symmetry
point M = (!,!) of the square 2D projected Brillouin
zone. An example is shown in Fig. 3.
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FIG. 3. (Color online) Band structure of the slab N = 40
bilayers in the TCI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t

!

1 = 2., t!z = 2 and t!2 = 0.8, t!!2 = 0.1. States
of the surfaces with energies within or at the boundary of the
bulk gap are shown in thick magenta lines.

C. Weyl semimetal

The Weyl semimetal (WSM) phase is characterized by
the existence of nodes in the bulk spectrum, where two
bands touch each other. As stressed in Ref. 23 this phase
exists in systems with broken time-reversal symmetry or
broken spacial inversion symmetry. The present model
is formulated for spinless electrons, thus time-reversal
symmetry is trivially preserved. However, spacial inver-
sion symmetry is broken along the z axis. In the present
model the nodes are points located at the plane kz = 0
and kz = ! of the 3D Brillouin zone. These nodes appear
in pairs and define vertices of Dirac cones, in which neigh-
borhood the dispersion relation of the touching bands is
in general linear. For nodes lying on symmetry points
the dispersion can be also quadratic, as discussed in the
next section. This phase also support metallic surfaces
in the slab configuration. The projected Fermi surface of
these metallic state defines Fermi arcs on the 2D square
Brillouin zone, which connect the nodes of the bulk spec-
trum. This feature will be further discussed in Section
IV. An example of the band structure in the slab is shown
in Fig. 4. Metallic surface states are clearly distinguished
and the existence of Fermi arcs are inferred by noticing
that the closed triangular path along the 2D projected
Brillouin zone P : {(0, 0) ! (!,!) ! (!, 0) ! (0, 0)},
chosen to draw the Fig. 4, the number of states of the
Fermi surface is 2nF , with nF odd for a Fermi energy
close to zero (nF = 1 in the example of the Fig. 2).
Hence, the Fermi surface corresponding to the states of
a given slab surface defines an open arc connecting two
Dirac cones of the bulk spectrum. The two slab surfaces
define arcs with di!erent concavities. Thus, the joint
states of the pair of slab surfaces define a closed Fermi
surface. Instead, within the TCI phase, nF is even for
the metallic surface states (see for instance Fig. 3 where
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The normal insulator (NI) phase is characterized by a
spectrum with a gap in all the k = (kx, ky, kz) points of
the first 3D Brillouin zone as well as a spectrum with gap
for a slab configuration with N bilayers. An example is
shown in Fig. 2.

B. Topological crystalline insulator

The topological crystalline insulator (TCI) phase is the
one introduced in Ref. 17. It is also characterized by a
gapped spectrum in the bulk but metallic surface states
along the direction (001), which preserves C4 symmetry.
These states are doubly degenerate at the high-symmetry
point M = (!,!) of the square 2D projected Brillouin
zone. An example is shown in Fig. 3.
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FIG. 3. (Color online) Band structure of the slab N = 40
bilayers in the TCI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t
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1 = 2., t!z = 2 and t!2 = 0.8, t!!2 = 0.1. States
of the surfaces with energies within or at the boundary of the
bulk gap are shown in thick magenta lines.

C. Weyl semimetal

The Weyl semimetal (WSM) phase is characterized by
the existence of nodes in the bulk spectrum, where two
bands touch each other. As stressed in Ref. 23 this phase
exists in systems with broken time-reversal symmetry or
broken spacial inversion symmetry. The present model
is formulated for spinless electrons, thus time-reversal
symmetry is trivially preserved. However, spacial inver-
sion symmetry is broken along the z axis. In the present
model the nodes are points located at the plane kz = 0
and kz = ! of the 3D Brillouin zone. These nodes appear
in pairs and define vertices of Dirac cones, in which neigh-
borhood the dispersion relation of the touching bands is
in general linear. For nodes lying on symmetry points
the dispersion can be also quadratic, as discussed in the
next section. This phase also support metallic surfaces
in the slab configuration. The projected Fermi surface of
these metallic state defines Fermi arcs on the 2D square
Brillouin zone, which connect the nodes of the bulk spec-
trum. This feature will be further discussed in Section
IV. An example of the band structure in the slab is shown
in Fig. 4. Metallic surface states are clearly distinguished
and the existence of Fermi arcs are inferred by noticing
that the closed triangular path along the 2D projected
Brillouin zone P : {(0, 0) ! (!,!) ! (!, 0) ! (0, 0)},
chosen to draw the Fig. 4, the number of states of the
Fermi surface is 2nF , with nF odd for a Fermi energy
close to zero (nF = 1 in the example of the Fig. 2).
Hence, the Fermi surface corresponding to the states of
a given slab surface defines an open arc connecting two
Dirac cones of the bulk spectrum. The two slab surfaces
define arcs with di!erent concavities. Thus, the joint
states of the pair of slab surfaces define a closed Fermi
surface. Instead, within the TCI phase, nF is even for
the metallic surface states (see for instance Fig. 3 where
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the A plane, the e!ective hopping between d!z orbitals
is originated by a second-order process through interme-
diate occupied p! orbitals of an atom lying in the mid-
dle, as shown in Fig. 1 (a very usual case in perovskites
of transition metals and oxygen), while in the B plane,
the intermediate occupied orbitals are s instead of the
p! ones. Further discussion on this point is deferred to
Section VI.

III. PHASES AND SPECTRAL PROPERTIES

The band structure of H(k) indicates the existence of
three possible phases in this model, depending on the
ratio between the di!erent hopping elements.

A. Normal insulator
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FIG. 2. (Color online) Band structure of the slab with N = 40
bilayers in the NI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t

!

1 = 3.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1 States
of the surfaces are shown in thick magenta lines. States of the
surfaces with energies at the boundary of the gap are shown
in thick magenta lines.

The normal insulator (NI) phase is characterized by a
spectrum with a gap in all the k = (kx, ky, kz) points of
the first 3D Brillouin zone as well as a spectrum with gap
for a slab configuration with N bilayers. An example is
shown in Fig. 2.

B. Topological crystalline insulator

The topological crystalline insulator (TCI) phase is the
one introduced in Ref. 17. It is also characterized by a
gapped spectrum in the bulk but metallic surface states
along the direction (001), which preserves C4 symmetry.
These states are doubly degenerate at the high-symmetry
point M = (!,!) of the square 2D projected Brillouin
zone. An example is shown in Fig. 3.
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FIG. 3. (Color online) Band structure of the slab N = 40
bilayers in the TCI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t
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1 = 2., t!z = 2 and t!2 = 0.8, t!!2 = 0.1. States
of the surfaces with energies within or at the boundary of the
bulk gap are shown in thick magenta lines.

C. Weyl semimetal

The Weyl semimetal (WSM) phase is characterized by
the existence of nodes in the bulk spectrum, where two
bands touch each other. As stressed in Ref. 23 this phase
exists in systems with broken time-reversal symmetry or
broken spacial inversion symmetry. The present model
is formulated for spinless electrons, thus time-reversal
symmetry is trivially preserved. However, spacial inver-
sion symmetry is broken along the z axis. In the present
model the nodes are points located at the plane kz = 0
and kz = ! of the 3D Brillouin zone. These nodes appear
in pairs and define vertices of Dirac cones, in which neigh-
borhood the dispersion relation of the touching bands is
in general linear. For nodes lying on symmetry points
the dispersion can be also quadratic, as discussed in the
next section. This phase also support metallic surfaces
in the slab configuration. The projected Fermi surface of
these metallic state defines Fermi arcs on the 2D square
Brillouin zone, which connect the nodes of the bulk spec-
trum. This feature will be further discussed in Section
IV. An example of the band structure in the slab is shown
in Fig. 4. Metallic surface states are clearly distinguished
and the existence of Fermi arcs are inferred by noticing
that the closed triangular path along the 2D projected
Brillouin zone P : {(0, 0) ! (!,!) ! (!, 0) ! (0, 0)},
chosen to draw the Fig. 4, the number of states of the
Fermi surface is 2nF , with nF odd for a Fermi energy
close to zero (nF = 1 in the example of the Fig. 2).
Hence, the Fermi surface corresponding to the states of
a given slab surface defines an open arc connecting two
Dirac cones of the bulk spectrum. The two slab surfaces
define arcs with di!erent concavities. Thus, the joint
states of the pair of slab surfaces define a closed Fermi
surface. Instead, within the TCI phase, nF is even for
the metallic surface states (see for instance Fig. 3 where
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the A plane, the e!ective hopping between d!z orbitals
is originated by a second-order process through interme-
diate occupied p! orbitals of an atom lying in the mid-
dle, as shown in Fig. 1 (a very usual case in perovskites
of transition metals and oxygen), while in the B plane,
the intermediate occupied orbitals are s instead of the
p! ones. Further discussion on this point is deferred to
Section VI.

III. PHASES AND SPECTRAL PROPERTIES

The band structure of H(k) indicates the existence of
three possible phases in this model, depending on the
ratio between the di!erent hopping elements.

A. Normal insulator
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FIG. 2. (Color online) Band structure of the slab with N = 40
bilayers in the NI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t

!

1 = 3.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1 States
of the surfaces are shown in thick magenta lines. States of the
surfaces with energies at the boundary of the gap are shown
in thick magenta lines.

The normal insulator (NI) phase is characterized by a
spectrum with a gap in all the k = (kx, ky, kz) points of
the first 3D Brillouin zone as well as a spectrum with gap
for a slab configuration with N bilayers. An example is
shown in Fig. 2.

B. Topological crystalline insulator

The topological crystalline insulator (TCI) phase is the
one introduced in Ref. 17. It is also characterized by a
gapped spectrum in the bulk but metallic surface states
along the direction (001), which preserves C4 symmetry.
These states are doubly degenerate at the high-symmetry
point M = (!,!) of the square 2D projected Brillouin
zone. An example is shown in Fig. 3.
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FIG. 3. (Color online) Band structure of the slab N = 40
bilayers in the TCI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t
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1 = 2., t!z = 2 and t!2 = 0.8, t!!2 = 0.1. States
of the surfaces with energies within or at the boundary of the
bulk gap are shown in thick magenta lines.

C. Weyl semimetal

The Weyl semimetal (WSM) phase is characterized by
the existence of nodes in the bulk spectrum, where two
bands touch each other. As stressed in Ref. 23 this phase
exists in systems with broken time-reversal symmetry or
broken spacial inversion symmetry. The present model
is formulated for spinless electrons, thus time-reversal
symmetry is trivially preserved. However, spacial inver-
sion symmetry is broken along the z axis. In the present
model the nodes are points located at the plane kz = 0
and kz = ! of the 3D Brillouin zone. These nodes appear
in pairs and define vertices of Dirac cones, in which neigh-
borhood the dispersion relation of the touching bands is
in general linear. For nodes lying on symmetry points
the dispersion can be also quadratic, as discussed in the
next section. This phase also support metallic surfaces
in the slab configuration. The projected Fermi surface of
these metallic state defines Fermi arcs on the 2D square
Brillouin zone, which connect the nodes of the bulk spec-
trum. This feature will be further discussed in Section
IV. An example of the band structure in the slab is shown
in Fig. 4. Metallic surface states are clearly distinguished
and the existence of Fermi arcs are inferred by noticing
that the closed triangular path along the 2D projected
Brillouin zone P : {(0, 0) ! (!,!) ! (!, 0) ! (0, 0)},
chosen to draw the Fig. 4, the number of states of the
Fermi surface is 2nF , with nF odd for a Fermi energy
close to zero (nF = 1 in the example of the Fig. 2).
Hence, the Fermi surface corresponding to the states of
a given slab surface defines an open arc connecting two
Dirac cones of the bulk spectrum. The two slab surfaces
define arcs with di!erent concavities. Thus, the joint
states of the pair of slab surfaces define a closed Fermi
surface. Instead, within the TCI phase, nF is even for
the metallic surface states (see for instance Fig. 3 where
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the A plane, the e!ective hopping between d!z orbitals
is originated by a second-order process through interme-
diate occupied p! orbitals of an atom lying in the mid-
dle, as shown in Fig. 1 (a very usual case in perovskites
of transition metals and oxygen), while in the B plane,
the intermediate occupied orbitals are s instead of the
p! ones. Further discussion on this point is deferred to
Section VI.

III. PHASES AND SPECTRAL PROPERTIES

The band structure of H(k) indicates the existence of
three possible phases in this model, depending on the
ratio between the di!erent hopping elements.

A. Normal insulator
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FIG. 2. (Color online) Band structure of the slab with N = 40
bilayers in the NI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t

!

1 = 3.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1 States
of the surfaces are shown in thick magenta lines. States of the
surfaces with energies at the boundary of the gap are shown
in thick magenta lines.

The normal insulator (NI) phase is characterized by a
spectrum with a gap in all the k = (kx, ky, kz) points of
the first 3D Brillouin zone as well as a spectrum with gap
for a slab configuration with N bilayers. An example is
shown in Fig. 2.

B. Topological crystalline insulator

The topological crystalline insulator (TCI) phase is the
one introduced in Ref. 17. It is also characterized by a
gapped spectrum in the bulk but metallic surface states
along the direction (001), which preserves C4 symmetry.
These states are doubly degenerate at the high-symmetry
point M = (!,!) of the square 2D projected Brillouin
zone. An example is shown in Fig. 3.
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FIG. 3. (Color online) Band structure of the slab N = 40
bilayers in the TCI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t
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1 = 2., t!z = 2 and t!2 = 0.8, t!!2 = 0.1. States
of the surfaces with energies within or at the boundary of the
bulk gap are shown in thick magenta lines.

C. Weyl semimetal

The Weyl semimetal (WSM) phase is characterized by
the existence of nodes in the bulk spectrum, where two
bands touch each other. As stressed in Ref. 23 this phase
exists in systems with broken time-reversal symmetry or
broken spacial inversion symmetry. The present model
is formulated for spinless electrons, thus time-reversal
symmetry is trivially preserved. However, spacial inver-
sion symmetry is broken along the z axis. In the present
model the nodes are points located at the plane kz = 0
and kz = ! of the 3D Brillouin zone. These nodes appear
in pairs and define vertices of Dirac cones, in which neigh-
borhood the dispersion relation of the touching bands is
in general linear. For nodes lying on symmetry points
the dispersion can be also quadratic, as discussed in the
next section. This phase also support metallic surfaces
in the slab configuration. The projected Fermi surface of
these metallic state defines Fermi arcs on the 2D square
Brillouin zone, which connect the nodes of the bulk spec-
trum. This feature will be further discussed in Section
IV. An example of the band structure in the slab is shown
in Fig. 4. Metallic surface states are clearly distinguished
and the existence of Fermi arcs are inferred by noticing
that the closed triangular path along the 2D projected
Brillouin zone P : {(0, 0) ! (!,!) ! (!, 0) ! (0, 0)},
chosen to draw the Fig. 4, the number of states of the
Fermi surface is 2nF , with nF odd for a Fermi energy
close to zero (nF = 1 in the example of the Fig. 2).
Hence, the Fermi surface corresponding to the states of
a given slab surface defines an open arc connecting two
Dirac cones of the bulk spectrum. The two slab surfaces
define arcs with di!erent concavities. Thus, the joint
states of the pair of slab surfaces define a closed Fermi
surface. Instead, within the TCI phase, nF is even for
the metallic surface states (see for instance Fig. 3 where
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the A plane, the e!ective hopping between d!z orbitals
is originated by a second-order process through interme-
diate occupied p! orbitals of an atom lying in the mid-
dle, as shown in Fig. 1 (a very usual case in perovskites
of transition metals and oxygen), while in the B plane,
the intermediate occupied orbitals are s instead of the
p! ones. Further discussion on this point is deferred to
Section VI.

III. PHASES AND SPECTRAL PROPERTIES

The band structure of H(k) indicates the existence of
three possible phases in this model, depending on the
ratio between the di!erent hopping elements.

A. Normal insulator
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FIG. 2. (Color online) Band structure of the slab with N = 40
bilayers in the NI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t

!

1 = 3.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1 States
of the surfaces are shown in thick magenta lines. States of the
surfaces with energies at the boundary of the gap are shown
in thick magenta lines.

The normal insulator (NI) phase is characterized by a
spectrum with a gap in all the k = (kx, ky, kz) points of
the first 3D Brillouin zone as well as a spectrum with gap
for a slab configuration with N bilayers. An example is
shown in Fig. 2.

B. Topological crystalline insulator

The topological crystalline insulator (TCI) phase is the
one introduced in Ref. 17. It is also characterized by a
gapped spectrum in the bulk but metallic surface states
along the direction (001), which preserves C4 symmetry.
These states are doubly degenerate at the high-symmetry
point M = (!,!) of the square 2D projected Brillouin
zone. An example is shown in Fig. 3.
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FIG. 3. (Color online) Band structure of the slab N = 40
bilayers in the TCI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t
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1 = 2., t!z = 2 and t!2 = 0.8, t!!2 = 0.1. States
of the surfaces with energies within or at the boundary of the
bulk gap are shown in thick magenta lines.

C. Weyl semimetal

The Weyl semimetal (WSM) phase is characterized by
the existence of nodes in the bulk spectrum, where two
bands touch each other. As stressed in Ref. 23 this phase
exists in systems with broken time-reversal symmetry or
broken spacial inversion symmetry. The present model
is formulated for spinless electrons, thus time-reversal
symmetry is trivially preserved. However, spacial inver-
sion symmetry is broken along the z axis. In the present
model the nodes are points located at the plane kz = 0
and kz = ! of the 3D Brillouin zone. These nodes appear
in pairs and define vertices of Dirac cones, in which neigh-
borhood the dispersion relation of the touching bands is
in general linear. For nodes lying on symmetry points
the dispersion can be also quadratic, as discussed in the
next section. This phase also support metallic surfaces
in the slab configuration. The projected Fermi surface of
these metallic state defines Fermi arcs on the 2D square
Brillouin zone, which connect the nodes of the bulk spec-
trum. This feature will be further discussed in Section
IV. An example of the band structure in the slab is shown
in Fig. 4. Metallic surface states are clearly distinguished
and the existence of Fermi arcs are inferred by noticing
that the closed triangular path along the 2D projected
Brillouin zone P : {(0, 0) ! (!,!) ! (!, 0) ! (0, 0)},
chosen to draw the Fig. 4, the number of states of the
Fermi surface is 2nF , with nF odd for a Fermi energy
close to zero (nF = 1 in the example of the Fig. 2).
Hence, the Fermi surface corresponding to the states of
a given slab surface defines an open arc connecting two
Dirac cones of the bulk spectrum. The two slab surfaces
define arcs with di!erent concavities. Thus, the joint
states of the pair of slab surfaces define a closed Fermi
surface. Instead, within the TCI phase, nF is even for
the metallic surface states (see for instance Fig. 3 where
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the A plane, the e!ective hopping between d!z orbitals
is originated by a second-order process through interme-
diate occupied p! orbitals of an atom lying in the mid-
dle, as shown in Fig. 1 (a very usual case in perovskites
of transition metals and oxygen), while in the B plane,
the intermediate occupied orbitals are s instead of the
p! ones. Further discussion on this point is deferred to
Section VI.

III. PHASES AND SPECTRAL PROPERTIES

The band structure of H(k) indicates the existence of
three possible phases in this model, depending on the
ratio between the di!erent hopping elements.

A. Normal insulator
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FIG. 2. (Color online) Band structure of the slab with N = 40
bilayers in the NI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t

!

1 = 3.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1 States
of the surfaces are shown in thick magenta lines. States of the
surfaces with energies at the boundary of the gap are shown
in thick magenta lines.

The normal insulator (NI) phase is characterized by a
spectrum with a gap in all the k = (kx, ky, kz) points of
the first 3D Brillouin zone as well as a spectrum with gap
for a slab configuration with N bilayers. An example is
shown in Fig. 2.

B. Topological crystalline insulator

The topological crystalline insulator (TCI) phase is the
one introduced in Ref. 17. It is also characterized by a
gapped spectrum in the bulk but metallic surface states
along the direction (001), which preserves C4 symmetry.
These states are doubly degenerate at the high-symmetry
point M = (!,!) of the square 2D projected Brillouin
zone. An example is shown in Fig. 3.
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FIG. 3. (Color online) Band structure of the slab N = 40
bilayers in the TCI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t
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1 = 2., t!z = 2 and t!2 = 0.8, t!!2 = 0.1. States
of the surfaces with energies within or at the boundary of the
bulk gap are shown in thick magenta lines.

C. Weyl semimetal

The Weyl semimetal (WSM) phase is characterized by
the existence of nodes in the bulk spectrum, where two
bands touch each other. As stressed in Ref. 23 this phase
exists in systems with broken time-reversal symmetry or
broken spacial inversion symmetry. The present model
is formulated for spinless electrons, thus time-reversal
symmetry is trivially preserved. However, spacial inver-
sion symmetry is broken along the z axis. In the present
model the nodes are points located at the plane kz = 0
and kz = ! of the 3D Brillouin zone. These nodes appear
in pairs and define vertices of Dirac cones, in which neigh-
borhood the dispersion relation of the touching bands is
in general linear. For nodes lying on symmetry points
the dispersion can be also quadratic, as discussed in the
next section. This phase also support metallic surfaces
in the slab configuration. The projected Fermi surface of
these metallic state defines Fermi arcs on the 2D square
Brillouin zone, which connect the nodes of the bulk spec-
trum. This feature will be further discussed in Section
IV. An example of the band structure in the slab is shown
in Fig. 4. Metallic surface states are clearly distinguished
and the existence of Fermi arcs are inferred by noticing
that the closed triangular path along the 2D projected
Brillouin zone P : {(0, 0) ! (!,!) ! (!, 0) ! (0, 0)},
chosen to draw the Fig. 4, the number of states of the
Fermi surface is 2nF , with nF odd for a Fermi energy
close to zero (nF = 1 in the example of the Fig. 2).
Hence, the Fermi surface corresponding to the states of
a given slab surface defines an open arc connecting two
Dirac cones of the bulk spectrum. The two slab surfaces
define arcs with di!erent concavities. Thus, the joint
states of the pair of slab surfaces define a closed Fermi
surface. Instead, within the TCI phase, nF is even for
the metallic surface states (see for instance Fig. 3 where
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the A plane, the e!ective hopping between d!z orbitals
is originated by a second-order process through interme-
diate occupied p! orbitals of an atom lying in the mid-
dle, as shown in Fig. 1 (a very usual case in perovskites
of transition metals and oxygen), while in the B plane,
the intermediate occupied orbitals are s instead of the
p! ones. Further discussion on this point is deferred to
Section VI.

III. PHASES AND SPECTRAL PROPERTIES

The band structure of H(k) indicates the existence of
three possible phases in this model, depending on the
ratio between the di!erent hopping elements.

A. Normal insulator
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FIG. 2. (Color online) Band structure of the slab with N = 40
bilayers in the NI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t

!

1 = 3.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1 States
of the surfaces are shown in thick magenta lines. States of the
surfaces with energies at the boundary of the gap are shown
in thick magenta lines.

The normal insulator (NI) phase is characterized by a
spectrum with a gap in all the k = (kx, ky, kz) points of
the first 3D Brillouin zone as well as a spectrum with gap
for a slab configuration with N bilayers. An example is
shown in Fig. 2.

B. Topological crystalline insulator

The topological crystalline insulator (TCI) phase is the
one introduced in Ref. 17. It is also characterized by a
gapped spectrum in the bulk but metallic surface states
along the direction (001), which preserves C4 symmetry.
These states are doubly degenerate at the high-symmetry
point M = (!,!) of the square 2D projected Brillouin
zone. An example is shown in Fig. 3.
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FIG. 3. (Color online) Band structure of the slab N = 40
bilayers in the TCI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t

!

1 = 2., t!z = 2 and t!2 = 0.8, t!!2 = 0.1. States
of the surfaces with energies within or at the boundary of the
bulk gap are shown in thick magenta lines.

C. Weyl semimetal

The Weyl semimetal (WSM) phase is characterized by
the existence of nodes in the bulk spectrum, where two
bands touch each other. As stressed in Ref. 23 this phase
exists in systems with broken time-reversal symmetry or
broken spacial inversion symmetry. The present model
is formulated for spinless electrons, thus time-reversal
symmetry is trivially preserved. However, spacial inver-
sion symmetry is broken along the z axis. In the present
model the nodes are points located at the plane kz = 0
and kz = ! of the 3D Brillouin zone. These nodes appear
in pairs and define vertices of Dirac cones, in which neigh-
borhood the dispersion relation of the touching bands is
in general linear. For nodes lying on symmetry points
the dispersion can be also quadratic, as discussed in the
next section. This phase also support metallic surfaces
in the slab configuration. The projected Fermi surface of
these metallic state defines Fermi arcs on the 2D square
Brillouin zone, which connect the nodes of the bulk spec-
trum. This feature will be further discussed in Section
IV. An example of the band structure in the slab is shown
in Fig. 4. Metallic surface states are clearly distinguished
and the existence of Fermi arcs are inferred by noticing
that the closed triangular path along the 2D projected
Brillouin zone P : {(0, 0) ! (!,!) ! (!, 0) ! (0, 0)},
chosen to draw the Fig. 4, the number of states of the
Fermi surface is 2nF , with nF odd for a Fermi energy
close to zero (nF = 1 in the example of the Fig. 2).
Hence, the Fermi surface corresponding to the states of
a given slab surface defines an open arc connecting two
Dirac cones of the bulk spectrum. The two slab surfaces
define arcs with di!erent concavities. Thus, the joint
states of the pair of slab surfaces define a closed Fermi
surface. Instead, within the TCI phase, nF is even for
the metallic surface states (see for instance Fig. 3 where
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nF = 2). This is due to the fact that in the TCI phase,
each slab surface has states forming a closed Fermi sur-
face.
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FIG. 4. (Color online) Band structure of the slab N = 40
bilayers in the WSM phase. Parameters are tA1 = 1 = !tB1 =
1, tA2 = 0.5 = !tB2 , t

!

1 = 2.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1.
States of the surfaces with energies within or at the boundary
of the bulk gap are shown in thick magenta lines.

IV. EFFECTIVE WEYL HAMILTONIAN FOR
tA2 = tB2 = 0.

In order to identify the ingredients that define the
nature of the spectrum in the di!erent phases, let
us focus on the case with tA1 = !tB1 = t1 and
in the case where the terms proportional to tA2 , t

B
2

vanish. The latter condition is satisfied for any
tA2 and tB2 if we focus on k-points with (kx, ky) =
(±!/2,!), (!,±!/2), (0,±!/2), (±!/2, 0). Without such
terms H(k) is blocked in two matrices, Hx(k) and Hy(k)
corresponding to the subspaces related to the dxz and
dyz (or px and py) orbitals, respectively. Hereafter, we
will simply label these orbitals with the index " = x, y,
respectively. They read

H!(k) = g!x#x + g!y #y + g!z #z , (3)

with " = x, y where #x,y,z are Pauli matrices, while

g!x (k) = t!1 + t!z cos kz + 2 (t!2 cos k! + t!!2 cos k!)

g!y (k) = !t!z sin kz ,

g!z (k) = 2t1 cos k!, (4)

where we have introduced the notation x = y and y = x.
The Hamiltonian (3) would coincide with Weyl Hamilto-
nian if g!j = kj , with j = x, y, z. The eigenenergies of
the Hamiltonians H!(k) are

$!±(k) = ±
!

(g!x )
2 +

"

g!y
#2

+ (g!z )
2. (5)

A. Nodes in the spectrum. Weyl semimetal

The Weyl semimetal phase takes place when the spec-
trum is gapless for values K satisfying simultaneously
gj(K) = 0. The K points where the bands touch receive
the name of nodes. We can identify two di!erent kind of
nodes, which are described below.

1. Nodes on symmetry points

We can easily identify four examples of such points.
The first one is K1 = (±!/2,!,!). In that case, express-
ing k = K1 + q and performing a Taylor expansion for
small q, we find

gxx(K1 + q) = "1 ! 2t!2qx + t!!2q
2
y ,

gxy (K1 + q) = t!zqz ,

gxz (K1 + q) = !2t1qx, (6)

with "1 = t!1 ! t!z ! 2t!!2 . Hence $x±(K1 +q) is gapless for
a combination of the hopping parameters t!1, t

!
z, t

!!
2 sat-

isfying "1 = 0, instead $y±(K1 + q)) are gapped. The
opposite situation takes place for K!

1 = (!,±!/2,!), in
which case

gyx(K
!
1 + q) = "1 ! 2t!2qy + t!!2q

2
x,

gyy(K
!
1 + q) = t!zqz ,

gyz (K
!
1 + q) = !2t1qy, (7)

Hence $y±(K
!
1 + q) is gapless for the combination of the

hopping parameters t!1, t
!
z, t

!!
2 satisfying "1 = 0, while

$x±(K
!
1 + q) are gapped.

The second example corresponds to points close to
K2 = (±!/2, 0,!). Performing a Taylor expansion of
the coe#cients g around these points we get

gxx(K2 + q) = "2 ! 2t!2qx ! t!!2q
2
y ,

gxy (K2 + q) = t!zqz ,

gxz (K2 + q) = !2t1qx, (8)

with "2 = t!1!t!z+2t!!2 . Hence $
x
±(K2+q) is gapless for a

combination of the hopping parameters t!1, t
!
z, t

!!
2 satisfy-

ing "2 = 0, while $y±(K2 +q) are gapped. Similarly, the
90-degree rotated point K!

2 = (0,±!/2,!) corresponds
to a gapless point for the y-bands when "2 = 0.
The third case corresponds to K3 = (±!/2,!, 0).

Close to this point, the Taylor expansion cast

gxx(K3 + q) = "3 ! 2t!2qx + t!!2q
2
y ,

gxy (K3 + q) = !t!zqz,

gxz (K3 + q) = !2t1qx, (9)

with "3 = t!1 + t!z ! 2t!!2 , which leads to gapless states in
$x±(K3+q) when "3 = 0, and gapped $y±(K3+q) bands.
Instead, the latter are gapless for K!

3 = (!,±!/2, 0),
when "3 = 0.
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the A plane, the e!ective hopping between d!z orbitals
is originated by a second-order process through interme-
diate occupied p! orbitals of an atom lying in the mid-
dle, as shown in Fig. 1 (a very usual case in perovskites
of transition metals and oxygen), while in the B plane,
the intermediate occupied orbitals are s instead of the
p! ones. Further discussion on this point is deferred to
Section VI.

III. PHASES AND SPECTRAL PROPERTIES

The band structure of H(k) indicates the existence of
three possible phases in this model, depending on the
ratio between the di!erent hopping elements.

A. Normal insulator
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FIG. 2. (Color online) Band structure of the slab with N = 40
bilayers in the NI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t

!

1 = 3.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1 States
of the surfaces are shown in thick magenta lines. States of the
surfaces with energies at the boundary of the gap are shown
in thick magenta lines.

The normal insulator (NI) phase is characterized by a
spectrum with a gap in all the k = (kx, ky, kz) points of
the first 3D Brillouin zone as well as a spectrum with gap
for a slab configuration with N bilayers. An example is
shown in Fig. 2.

B. Topological crystalline insulator

The topological crystalline insulator (TCI) phase is the
one introduced in Ref. 17. It is also characterized by a
gapped spectrum in the bulk but metallic surface states
along the direction (001), which preserves C4 symmetry.
These states are doubly degenerate at the high-symmetry
point M = (!,!) of the square 2D projected Brillouin
zone. An example is shown in Fig. 3.
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FIG. 3. (Color online) Band structure of the slab N = 40
bilayers in the TCI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t
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1 = 2., t!z = 2 and t!2 = 0.8, t!!2 = 0.1. States
of the surfaces with energies within or at the boundary of the
bulk gap are shown in thick magenta lines.

C. Weyl semimetal

The Weyl semimetal (WSM) phase is characterized by
the existence of nodes in the bulk spectrum, where two
bands touch each other. As stressed in Ref. 23 this phase
exists in systems with broken time-reversal symmetry or
broken spacial inversion symmetry. The present model
is formulated for spinless electrons, thus time-reversal
symmetry is trivially preserved. However, spacial inver-
sion symmetry is broken along the z axis. In the present
model the nodes are points located at the plane kz = 0
and kz = ! of the 3D Brillouin zone. These nodes appear
in pairs and define vertices of Dirac cones, in which neigh-
borhood the dispersion relation of the touching bands is
in general linear. For nodes lying on symmetry points
the dispersion can be also quadratic, as discussed in the
next section. This phase also support metallic surfaces
in the slab configuration. The projected Fermi surface of
these metallic state defines Fermi arcs on the 2D square
Brillouin zone, which connect the nodes of the bulk spec-
trum. This feature will be further discussed in Section
IV. An example of the band structure in the slab is shown
in Fig. 4. Metallic surface states are clearly distinguished
and the existence of Fermi arcs are inferred by noticing
that the closed triangular path along the 2D projected
Brillouin zone P : {(0, 0) ! (!,!) ! (!, 0) ! (0, 0)},
chosen to draw the Fig. 4, the number of states of the
Fermi surface is 2nF , with nF odd for a Fermi energy
close to zero (nF = 1 in the example of the Fig. 2).
Hence, the Fermi surface corresponding to the states of
a given slab surface defines an open arc connecting two
Dirac cones of the bulk spectrum. The two slab surfaces
define arcs with di!erent concavities. Thus, the joint
states of the pair of slab surfaces define a closed Fermi
surface. Instead, within the TCI phase, nF is even for
the metallic surface states (see for instance Fig. 3 where

Fermi 
surface top

Fermi 
surface 
bottom

3

the A plane, the e!ective hopping between d!z orbitals
is originated by a second-order process through interme-
diate occupied p! orbitals of an atom lying in the mid-
dle, as shown in Fig. 1 (a very usual case in perovskites
of transition metals and oxygen), while in the B plane,
the intermediate occupied orbitals are s instead of the
p! ones. Further discussion on this point is deferred to
Section VI.

III. PHASES AND SPECTRAL PROPERTIES

The band structure of H(k) indicates the existence of
three possible phases in this model, depending on the
ratio between the di!erent hopping elements.

A. Normal insulator

-5

0

5

!(
k x ,k

y )

(0,0) (",") (",0) (0,0)

FIG. 2. (Color online) Band structure of the slab with N = 40
bilayers in the NI phase. Parameters are tA1 = 1 = !tB1 = 1,
tA2 = 0.5 = !tB2 , t

!

1 = 3.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1 States
of the surfaces are shown in thick magenta lines. States of the
surfaces with energies at the boundary of the gap are shown
in thick magenta lines.

The normal insulator (NI) phase is characterized by a
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for a slab configuration with N bilayers. An example is
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one introduced in Ref. 17. It is also characterized by a
gapped spectrum in the bulk but metallic surface states
along the direction (001), which preserves C4 symmetry.
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point M = (!,!) of the square 2D projected Brillouin
zone. An example is shown in Fig. 3.
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C. Weyl semimetal

The Weyl semimetal (WSM) phase is characterized by
the existence of nodes in the bulk spectrum, where two
bands touch each other. As stressed in Ref. 23 this phase
exists in systems with broken time-reversal symmetry or
broken spacial inversion symmetry. The present model
is formulated for spinless electrons, thus time-reversal
symmetry is trivially preserved. However, spacial inver-
sion symmetry is broken along the z axis. In the present
model the nodes are points located at the plane kz = 0
and kz = ! of the 3D Brillouin zone. These nodes appear
in pairs and define vertices of Dirac cones, in which neigh-
borhood the dispersion relation of the touching bands is
in general linear. For nodes lying on symmetry points
the dispersion can be also quadratic, as discussed in the
next section. This phase also support metallic surfaces
in the slab configuration. The projected Fermi surface of
these metallic state defines Fermi arcs on the 2D square
Brillouin zone, which connect the nodes of the bulk spec-
trum. This feature will be further discussed in Section
IV. An example of the band structure in the slab is shown
in Fig. 4. Metallic surface states are clearly distinguished
and the existence of Fermi arcs are inferred by noticing
that the closed triangular path along the 2D projected
Brillouin zone P : {(0, 0) ! (!,!) ! (!, 0) ! (0, 0)},
chosen to draw the Fig. 4, the number of states of the
Fermi surface is 2nF , with nF odd for a Fermi energy
close to zero (nF = 1 in the example of the Fig. 2).
Hence, the Fermi surface corresponding to the states of
a given slab surface defines an open arc connecting two
Dirac cones of the bulk spectrum. The two slab surfaces
define arcs with di!erent concavities. Thus, the joint
states of the pair of slab surfaces define a closed Fermi
surface. Instead, within the TCI phase, nF is even for
the metallic surface states (see for instance Fig. 3 where
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The normal insulator (NI) phase is characterized by a
spectrum with a gap in all the k = (kx, ky, kz) points of
the first 3D Brillouin zone as well as a spectrum with gap
for a slab configuration with N bilayers. An example is
shown in Fig. 2.

B. Topological crystalline insulator

The topological crystalline insulator (TCI) phase is the
one introduced in Ref. 17. It is also characterized by a
gapped spectrum in the bulk but metallic surface states
along the direction (001), which preserves C4 symmetry.
These states are doubly degenerate at the high-symmetry
point M = (!,!) of the square 2D projected Brillouin
zone. An example is shown in Fig. 3.
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1 = 2., t!z = 2 and t!2 = 0.8, t!!2 = 0.1. States
of the surfaces with energies within or at the boundary of the
bulk gap are shown in thick magenta lines.

C. Weyl semimetal

The Weyl semimetal (WSM) phase is characterized by
the existence of nodes in the bulk spectrum, where two
bands touch each other. As stressed in Ref. 23 this phase
exists in systems with broken time-reversal symmetry or
broken spacial inversion symmetry. The present model
is formulated for spinless electrons, thus time-reversal
symmetry is trivially preserved. However, spacial inver-
sion symmetry is broken along the z axis. In the present
model the nodes are points located at the plane kz = 0
and kz = ! of the 3D Brillouin zone. These nodes appear
in pairs and define vertices of Dirac cones, in which neigh-
borhood the dispersion relation of the touching bands is
in general linear. For nodes lying on symmetry points
the dispersion can be also quadratic, as discussed in the
next section. This phase also support metallic surfaces
in the slab configuration. The projected Fermi surface of
these metallic state defines Fermi arcs on the 2D square
Brillouin zone, which connect the nodes of the bulk spec-
trum. This feature will be further discussed in Section
IV. An example of the band structure in the slab is shown
in Fig. 4. Metallic surface states are clearly distinguished
and the existence of Fermi arcs are inferred by noticing
that the closed triangular path along the 2D projected
Brillouin zone P : {(0, 0) ! (!,!) ! (!, 0) ! (0, 0)},
chosen to draw the Fig. 4, the number of states of the
Fermi surface is 2nF , with nF odd for a Fermi energy
close to zero (nF = 1 in the example of the Fig. 2).
Hence, the Fermi surface corresponding to the states of
a given slab surface defines an open arc connecting two
Dirac cones of the bulk spectrum. The two slab surfaces
define arcs with di!erent concavities. Thus, the joint
states of the pair of slab surfaces define a closed Fermi
surface. Instead, within the TCI phase, nF is even for
the metallic surface states (see for instance Fig. 3 where
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nF = 2). This is due to the fact that in the TCI phase,
each slab surface has states forming a closed Fermi sur-
face.
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FIG. 4. (Color online) Band structure of the slab N = 40
bilayers in the WSM phase. Parameters are tA1 = 1 = !tB1 =
1, tA2 = 0.5 = !tB2 , t

!

1 = 2.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1.
States of the surfaces with energies within or at the boundary
of the bulk gap are shown in thick magenta lines.

IV. EFFECTIVE WEYL HAMILTONIAN FOR
tA2 = tB2 = 0.

In order to identify the ingredients that define the
nature of the spectrum in the di!erent phases, let
us focus on the case with tA1 = !tB1 = t1 and
in the case where the terms proportional to tA2 , t

B
2

vanish. The latter condition is satisfied for any
tA2 and tB2 if we focus on k-points with (kx, ky) =
(±!/2,!), (!,±!/2), (0,±!/2), (±!/2, 0). Without such
terms H(k) is blocked in two matrices, Hx(k) and Hy(k)
corresponding to the subspaces related to the dxz and
dyz (or px and py) orbitals, respectively. Hereafter, we
will simply label these orbitals with the index " = x, y,
respectively. They read

H!(k) = g!x#x + g!y #y + g!z #z , (3)

with " = x, y where #x,y,z are Pauli matrices, while

g!x (k) = t!1 + t!z cos kz + 2 (t!2 cos k! + t!!2 cos k!)

g!y (k) = !t!z sin kz ,

g!z (k) = 2t1 cos k!, (4)

where we have introduced the notation x = y and y = x.
The Hamiltonian (3) would coincide with Weyl Hamilto-
nian if g!j = kj , with j = x, y, z. The eigenenergies of
the Hamiltonians H!(k) are

$!±(k) = ±
!

(g!x )
2 +

"

g!y
#2

+ (g!z )
2. (5)

A. Nodes in the spectrum. Weyl semimetal

The Weyl semimetal phase takes place when the spec-
trum is gapless for values K satisfying simultaneously
gj(K) = 0. The K points where the bands touch receive
the name of nodes. We can identify two di!erent kind of
nodes, which are described below.

1. Nodes on symmetry points

We can easily identify four examples of such points.
The first one is K1 = (±!/2,!,!). In that case, express-
ing k = K1 + q and performing a Taylor expansion for
small q, we find

gxx(K1 + q) = "1 ! 2t!2qx + t!!2q
2
y ,

gxy (K1 + q) = t!zqz ,

gxz (K1 + q) = !2t1qx, (6)

with "1 = t!1 ! t!z ! 2t!!2 . Hence $x±(K1 +q) is gapless for
a combination of the hopping parameters t!1, t

!
z, t

!!
2 sat-

isfying "1 = 0, instead $y±(K1 + q)) are gapped. The
opposite situation takes place for K!

1 = (!,±!/2,!), in
which case

gyx(K
!
1 + q) = "1 ! 2t!2qy + t!!2q

2
x,

gyy(K
!
1 + q) = t!zqz ,

gyz (K
!
1 + q) = !2t1qy, (7)

Hence $y±(K
!
1 + q) is gapless for the combination of the

hopping parameters t!1, t
!
z, t

!!
2 satisfying "1 = 0, while

$x±(K
!
1 + q) are gapped.

The second example corresponds to points close to
K2 = (±!/2, 0,!). Performing a Taylor expansion of
the coe#cients g around these points we get

gxx(K2 + q) = "2 ! 2t!2qx ! t!!2q
2
y ,

gxy (K2 + q) = t!zqz ,

gxz (K2 + q) = !2t1qx, (8)

with "2 = t!1!t!z+2t!!2 . Hence $
x
±(K2+q) is gapless for a

combination of the hopping parameters t!1, t
!
z, t

!!
2 satisfy-

ing "2 = 0, while $y±(K2 +q) are gapped. Similarly, the
90-degree rotated point K!

2 = (0,±!/2,!) corresponds
to a gapless point for the y-bands when "2 = 0.
The third case corresponds to K3 = (±!/2,!, 0).

Close to this point, the Taylor expansion cast

gxx(K3 + q) = "3 ! 2t!2qx + t!!2q
2
y ,

gxy (K3 + q) = !t!zqz,

gxz (K3 + q) = !2t1qx, (9)

with "3 = t!1 + t!z ! 2t!!2 , which leads to gapless states in
$x±(K3+q) when "3 = 0, and gapped $y±(K3+q) bands.
Instead, the latter are gapless for K!

3 = (!,±!/2, 0),
when "3 = 0.
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nF = 2). This is due to the fact that in the TCI phase,
each slab surface has states forming a closed Fermi sur-
face.
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FIG. 4. (Color online) Band structure of the slab N = 40
bilayers in the WSM phase. Parameters are tA1 = 1 = !tB1 =
1, tA2 = 0.5 = !tB2 , t

!

1 = 2.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1.
States of the surfaces with energies within or at the boundary
of the bulk gap are shown in thick magenta lines.

IV. EFFECTIVE WEYL HAMILTONIAN FOR
tA2 = tB2 = 0.

In order to identify the ingredients that define the
nature of the spectrum in the di!erent phases, let
us focus on the case with tA1 = !tB1 = t1 and
in the case where the terms proportional to tA2 , t

B
2

vanish. The latter condition is satisfied for any
tA2 and tB2 if we focus on k-points with (kx, ky) =
(±!/2,!), (!,±!/2), (0,±!/2), (±!/2, 0). Without such
terms H(k) is blocked in two matrices, Hx(k) and Hy(k)
corresponding to the subspaces related to the dxz and
dyz (or px and py) orbitals, respectively. Hereafter, we
will simply label these orbitals with the index " = x, y,
respectively. They read

H!(k) = g!x#x + g!y #y + g!z #z , (3)

with " = x, y where #x,y,z are Pauli matrices, while

g!x (k) = t!1 + t!z cos kz + 2 (t!2 cos k! + t!!2 cos k!)

g!y (k) = !t!z sin kz ,

g!z (k) = 2t1 cos k!, (4)

where we have introduced the notation x = y and y = x.
The Hamiltonian (3) would coincide with Weyl Hamilto-
nian if g!j = kj , with j = x, y, z. The eigenenergies of
the Hamiltonians H!(k) are

$!±(k) = ±
!

(g!x )
2 +

"

g!y
#2

+ (g!z )
2. (5)

A. Nodes in the spectrum. Weyl semimetal

The Weyl semimetal phase takes place when the spec-
trum is gapless for values K satisfying simultaneously
gj(K) = 0. The K points where the bands touch receive
the name of nodes. We can identify two di!erent kind of
nodes, which are described below.

1. Nodes on symmetry points

We can easily identify four examples of such points.
The first one is K1 = (±!/2,!,!). In that case, express-
ing k = K1 + q and performing a Taylor expansion for
small q, we find

gxx(K1 + q) = "1 ! 2t!2qx + t!!2q
2
y ,

gxy (K1 + q) = t!zqz ,

gxz (K1 + q) = !2t1qx, (6)

with "1 = t!1 ! t!z ! 2t!!2 . Hence $x±(K1 +q) is gapless for
a combination of the hopping parameters t!1, t

!
z, t

!!
2 sat-

isfying "1 = 0, instead $y±(K1 + q)) are gapped. The
opposite situation takes place for K!

1 = (!,±!/2,!), in
which case

gyx(K
!
1 + q) = "1 ! 2t!2qy + t!!2q

2
x,

gyy(K
!
1 + q) = t!zqz ,

gyz (K
!
1 + q) = !2t1qy, (7)

Hence $y±(K
!
1 + q) is gapless for the combination of the

hopping parameters t!1, t
!
z, t

!!
2 satisfying "1 = 0, while

$x±(K
!
1 + q) are gapped.

The second example corresponds to points close to
K2 = (±!/2, 0,!). Performing a Taylor expansion of
the coe#cients g around these points we get

gxx(K2 + q) = "2 ! 2t!2qx ! t!!2q
2
y ,

gxy (K2 + q) = t!zqz ,

gxz (K2 + q) = !2t1qx, (8)

with "2 = t!1!t!z+2t!!2 . Hence $
x
±(K2+q) is gapless for a

combination of the hopping parameters t!1, t
!
z, t

!!
2 satisfy-

ing "2 = 0, while $y±(K2 +q) are gapped. Similarly, the
90-degree rotated point K!

2 = (0,±!/2,!) corresponds
to a gapless point for the y-bands when "2 = 0.
The third case corresponds to K3 = (±!/2,!, 0).

Close to this point, the Taylor expansion cast

gxx(K3 + q) = "3 ! 2t!2qx + t!!2q
2
y ,

gxy (K3 + q) = !t!zqz,

gxz (K3 + q) = !2t1qx, (9)

with "3 = t!1 + t!z ! 2t!!2 , which leads to gapless states in
$x±(K3+q) when "3 = 0, and gapped $y±(K3+q) bands.
Instead, the latter are gapless for K!

3 = (!,±!/2, 0),
when "3 = 0.
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C4v and therefore inversion symmetry is lacking. The
spin-orbit interaction is absent and the model has time-
reversal symmetry.

The paper is organized as follows. We present the
model in Section II. It consists in a tight-binding Hamil-
tonian for spinless electrons with two layers and two or-
bitals per unit cell, very similar to the one proposed by
Fu in Ref. 17. The features of the band structure in
the di!erent expected phases are summarized in Section
III. In Section IV we consider a limit of the model where
the in-plane next-nearest neighbor hopping parameters
vanish. In this limit, the e!ective low energy model is
a generalized Weyl Hamiltonian, which can be exactly
solved. We find the phase diagram in this limit and an-
alyze the structure of the spectrum in the bulk as well
as in a slab configuration. We show that within a wide
range of parameters there exist a WSM phase with nodes
in 3D and Fermi arcs in the slab, as well as a normal in-
sulating phase. In Section V we analyze the role of the
next-nearest neighbor hopping parameter and find that
this ingredient drives TCI phases within the WSM one.
Finally, we present a summary in Section VI and we dis-
cuss which materials are candidates to realize the present
model and phases.

FIG. 1. (Color online) Sketch of a bilayer with planes A and
B indicating the intra-plane and inter-plane hopping elements
considered in the model. The sign convention for the dxz and
dyz (or px and py) orbitals is also indicated. The circles in
the plane A indicate the possible presence of intermediate
atoms with orbitals that hybridize with the neighboring ones,
renormalizing the hopping elements.

II. MODEL

We consider a tight-binding model associated to two
orbitals dxz and dyz or px and py in a tetragonal lattice
with two atoms as in Ref. 17. The ensuing Hamiltonian

is

H =
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where l labels a couple of layers, A and B along the z
axis. The two layers are described by the Hamiltonians
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l , respectively, while HAB
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The parameter ta!,"(ri ! rj), a = A,B denotes the intra-
plane hopping matrix element between the orbitals !
and " localized at the atomic positions ri and rj , with
r = (x, y), on the plane. Keeping hopping elements
up to next-nearest neighbors (i, j) leads to the following
Fourier transform of H ,
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The di!erent hopping processes are indicated in Fig. 1.
The minimal model for a TCI considered in Ref. 17 corre-
sponds to t!2 = t!!2 . Notice that because of symmetry, the
hopping elements along the x and y directions are non-
vanishing only for hopping processes between the same
type of orbitals. For example, dxz and dyz (or px and py)
orbitals at sites with the same y coordinates, have op-
posite parities under a reflection through the xz plane.
The hopping elements t!2 and t!!2 correspond to the hop-
ping between d!z (or p!) orbitals of di!erent z planes
aligned in the ! direction or in the perpendicular one
respectively. In the general case, we expect t!2 > t!!2 .
We show that for such case and other parameters close

or identical to those considered in Ref. 17, the present
model exhibits a WSM phase with Fermi arcs and Weyl
nodes. A crucial ingredient is that the signs of tA1 and
tB1 are opposite. This could happen if for example in
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where l labels a couple of layers, A and B along the z
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The parameter ta!,"(ri ! rj), a = A,B denotes the intra-
plane hopping matrix element between the orbitals !
and " localized at the atomic positions ri and rj , with
r = (x, y), on the plane. Keeping hopping elements
up to next-nearest neighbors (i, j) leads to the following
Fourier transform of H ,

H(k) =

&

HA(k) HAB(k)
HAB(k)† HB(k)
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with
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cos kx 0
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The di!erent hopping processes are indicated in Fig. 1.
The minimal model for a TCI considered in Ref. 17 corre-
sponds to t!2 = t!!2 . Notice that because of symmetry, the
hopping elements along the x and y directions are non-
vanishing only for hopping processes between the same
type of orbitals. For example, dxz and dyz (or px and py)
orbitals at sites with the same y coordinates, have op-
posite parities under a reflection through the xz plane.
The hopping elements t!2 and t!!2 correspond to the hop-
ping between d!z (or p!) orbitals of di!erent z planes
aligned in the ! direction or in the perpendicular one
respectively. In the general case, we expect t!2 > t!!2 .
We show that for such case and other parameters close

or identical to those considered in Ref. 17, the present
model exhibits a WSM phase with Fermi arcs and Weyl
nodes. A crucial ingredient is that the signs of tA1 and
tB1 are opposite. This could happen if for example in
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nF = 2). This is due to the fact that in the TCI phase,
each slab surface has states forming a closed Fermi sur-
face.
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FIG. 4. (Color online) Band structure of the slab N = 40
bilayers in the WSM phase. Parameters are tA1 = 1 = !tB1 =
1, tA2 = 0.5 = !tB2 , t

!

1 = 2.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1.
States of the surfaces with energies within or at the boundary
of the bulk gap are shown in thick magenta lines.

IV. EFFECTIVE WEYL HAMILTONIAN FOR
tA2 = tB2 = 0.

In order to identify the ingredients that define the
nature of the spectrum in the di!erent phases, let
us focus on the case with tA1 = !tB1 = t1 and
in the case where the terms proportional to tA2 , t

B
2

vanish. The latter condition is satisfied for any
tA2 and tB2 if we focus on k-points with (kx, ky) =
(±!/2,!), (!,±!/2), (0,±!/2), (±!/2, 0). Without such
terms H(k) is blocked in two matrices, Hx(k) and Hy(k)
corresponding to the subspaces related to the dxz and
dyz (or px and py) orbitals, respectively. Hereafter, we
will simply label these orbitals with the index " = x, y,
respectively. They read

H!(k) = g!x#x + g!y #y + g!z #z , (3)

with " = x, y where #x,y,z are Pauli matrices, while

g!x (k) = t!1 + t!z cos kz + 2 (t!2 cos k! + t!!2 cos k!)

g!y (k) = !t!z sin kz ,

g!z (k) = 2t1 cos k!, (4)

where we have introduced the notation x = y and y = x.
The Hamiltonian (3) would coincide with Weyl Hamilto-
nian if g!j = kj , with j = x, y, z. The eigenenergies of
the Hamiltonians H!(k) are

$!±(k) = ±
!

(g!x )
2 +

"

g!y
#2

+ (g!z )
2. (5)

A. Nodes in the spectrum. Weyl semimetal

The Weyl semimetal phase takes place when the spec-
trum is gapless for values K satisfying simultaneously
gj(K) = 0. The K points where the bands touch receive
the name of nodes. We can identify two di!erent kind of
nodes, which are described below.

1. Nodes on symmetry points

We can easily identify four examples of such points.
The first one is K1 = (±!/2,!,!). In that case, express-
ing k = K1 + q and performing a Taylor expansion for
small q, we find

gxx(K1 + q) = "1 ! 2t!2qx + t!!2q
2
y ,

gxy (K1 + q) = t!zqz ,

gxz (K1 + q) = !2t1qx, (6)

with "1 = t!1 ! t!z ! 2t!!2 . Hence $x±(K1 +q) is gapless for
a combination of the hopping parameters t!1, t

!
z, t

!!
2 sat-

isfying "1 = 0, instead $y±(K1 + q)) are gapped. The
opposite situation takes place for K!

1 = (!,±!/2,!), in
which case

gyx(K
!
1 + q) = "1 ! 2t!2qy + t!!2q

2
x,

gyy(K
!
1 + q) = t!zqz ,

gyz (K
!
1 + q) = !2t1qy, (7)

Hence $y±(K
!
1 + q) is gapless for the combination of the

hopping parameters t!1, t
!
z, t

!!
2 satisfying "1 = 0, while

$x±(K
!
1 + q) are gapped.

The second example corresponds to points close to
K2 = (±!/2, 0,!). Performing a Taylor expansion of
the coe#cients g around these points we get

gxx(K2 + q) = "2 ! 2t!2qx ! t!!2q
2
y ,

gxy (K2 + q) = t!zqz ,

gxz (K2 + q) = !2t1qx, (8)

with "2 = t!1!t!z+2t!!2 . Hence $
x
±(K2+q) is gapless for a

combination of the hopping parameters t!1, t
!
z, t

!!
2 satisfy-

ing "2 = 0, while $y±(K2 +q) are gapped. Similarly, the
90-degree rotated point K!

2 = (0,±!/2,!) corresponds
to a gapless point for the y-bands when "2 = 0.
The third case corresponds to K3 = (±!/2,!, 0).

Close to this point, the Taylor expansion cast

gxx(K3 + q) = "3 ! 2t!2qx + t!!2q
2
y ,

gxy (K3 + q) = !t!zqz,

gxz (K3 + q) = !2t1qx, (9)

with "3 = t!1 + t!z ! 2t!!2 , which leads to gapless states in
$x±(K3+q) when "3 = 0, and gapped $y±(K3+q) bands.
Instead, the latter are gapless for K!

3 = (!,±!/2, 0),
when "3 = 0.
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nF = 2). This is due to the fact that in the TCI phase,
each slab surface has states forming a closed Fermi sur-
face.
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us focus on the case with tA1 = !tB1 = t1 and
in the case where the terms proportional to tA2 , t
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corresponding to the subspaces related to the dxz and
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will simply label these orbitals with the index " = x, y,
respectively. They read
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with " = x, y where #x,y,z are Pauli matrices, while
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g!z (k) = 2t1 cos k!, (4)

where we have introduced the notation x = y and y = x.
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with "3 = t!1 + t!z ! 2t!!2 , which leads to gapless states in
$x±(K3+q) when "3 = 0, and gapped $y±(K3+q) bands.
Instead, the latter are gapless for K!

3 = (!,±!/2, 0),
when "3 = 0.

4

nF = 2). This is due to the fact that in the TCI phase,
each slab surface has states forming a closed Fermi sur-
face.

-6

-4

-2

0

2

4

6

!(
k x ,k

y )

(0,0) (",") (",0) (0,0)

FIG. 4. (Color online) Band structure of the slab N = 40
bilayers in the WSM phase. Parameters are tA1 = 1 = !tB1 =
1, tA2 = 0.5 = !tB2 , t

!

1 = 2.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1.
States of the surfaces with energies within or at the boundary
of the bulk gap are shown in thick magenta lines.

IV. EFFECTIVE WEYL HAMILTONIAN FOR
tA2 = tB2 = 0.

In order to identify the ingredients that define the
nature of the spectrum in the di!erent phases, let
us focus on the case with tA1 = !tB1 = t1 and
in the case where the terms proportional to tA2 , t

B
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vanish. The latter condition is satisfied for any
tA2 and tB2 if we focus on k-points with (kx, ky) =
(±!/2,!), (!,±!/2), (0,±!/2), (±!/2, 0). Without such
terms H(k) is blocked in two matrices, Hx(k) and Hy(k)
corresponding to the subspaces related to the dxz and
dyz (or px and py) orbitals, respectively. Hereafter, we
will simply label these orbitals with the index " = x, y,
respectively. They read

H!(k) = g!x#x + g!y #y + g!z #z , (3)

with " = x, y where #x,y,z are Pauli matrices, while

g!x (k) = t!1 + t!z cos kz + 2 (t!2 cos k! + t!!2 cos k!)

g!y (k) = !t!z sin kz ,

g!z (k) = 2t1 cos k!, (4)

where we have introduced the notation x = y and y = x.
The Hamiltonian (3) would coincide with Weyl Hamilto-
nian if g!j = kj , with j = x, y, z. The eigenenergies of
the Hamiltonians H!(k) are
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2 +
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The Weyl semimetal phase takes place when the spec-
trum is gapless for values K satisfying simultaneously
gj(K) = 0. The K points where the bands touch receive
the name of nodes. We can identify two di!erent kind of
nodes, which are described below.

1. Nodes on symmetry points

We can easily identify four examples of such points.
The first one is K1 = (±!/2,!,!). In that case, express-
ing k = K1 + q and performing a Taylor expansion for
small q, we find
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isfying "1 = 0, instead $y±(K1 + q)) are gapped. The
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The third case corresponds to K3 = (±!/2,!, 0).

Close to this point, the Taylor expansion cast
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In order to identify the ingredients that define the
nature of the spectrum in the di!erent phases, let
us focus on the case with tA1 = !tB1 = t1 and
in the case where the terms proportional to tA2 , t
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vanish. The latter condition is satisfied for any
tA2 and tB2 if we focus on k-points with (kx, ky) =
(±!/2,!), (!,±!/2), (0,±!/2), (±!/2, 0). Without such
terms H(k) is blocked in two matrices, Hx(k) and Hy(k)
corresponding to the subspaces related to the dxz and
dyz (or px and py) orbitals, respectively. Hereafter, we
will simply label these orbitals with the index " = x, y,
respectively. They read

H!(k) = g!x#x + g!y #y + g!z #z , (3)

with " = x, y where #x,y,z are Pauli matrices, while

g!x (k) = t!1 + t!z cos kz + 2 (t!2 cos k! + t!!2 cos k!)

g!y (k) = !t!z sin kz ,

g!z (k) = 2t1 cos k!, (4)

where we have introduced the notation x = y and y = x.
The Hamiltonian (3) would coincide with Weyl Hamilto-
nian if g!j = kj , with j = x, y, z. The eigenenergies of
the Hamiltonians H!(k) are
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(g!x )
2 +

"

g!y
#2
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trum is gapless for values K satisfying simultaneously
gj(K) = 0. The K points where the bands touch receive
the name of nodes. We can identify two di!erent kind of
nodes, which are described below.
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In order to identify the ingredients that define the
nature of the spectrum in the di!erent phases, let
us focus on the case with tA1 = !tB1 = t1 and
in the case where the terms proportional to tA2 , t

B
2

vanish. The latter condition is satisfied for any
tA2 and tB2 if we focus on k-points with (kx, ky) =
(±!/2,!), (!,±!/2), (0,±!/2), (±!/2, 0). Without such
terms H(k) is blocked in two matrices, Hx(k) and Hy(k)
corresponding to the subspaces related to the dxz and
dyz (or px and py) orbitals, respectively. Hereafter, we
will simply label these orbitals with the index " = x, y,
respectively. They read

H!(k) = g!x#x + g!y #y + g!z #z , (3)

with " = x, y where #x,y,z are Pauli matrices, while

g!x (k) = t!1 + t!z cos kz + 2 (t!2 cos k! + t!!2 cos k!)

g!y (k) = !t!z sin kz ,

g!z (k) = 2t1 cos k!, (4)

where we have introduced the notation x = y and y = x.
The Hamiltonian (3) would coincide with Weyl Hamilto-
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trum is gapless for values K satisfying simultaneously
gj(K) = 0. The K points where the bands touch receive
the name of nodes. We can identify two di!erent kind of
nodes, which are described below.
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We can easily identify four examples of such points.
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tA2 and tB2 if we focus on k-points with (kx, ky) =
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In order to identify the ingredients that define the
nature of the spectrum in the di!erent phases, let
us focus on the case with tA1 = !tB1 = t1 and
in the case where the terms proportional to tA2 , t
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vanish. The latter condition is satisfied for any
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corresponding to the subspaces related to the dxz and
dyz (or px and py) orbitals, respectively. Hereafter, we
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respectively. They read

H!(k) = g!x#x + g!y #y + g!z #z , (3)

with " = x, y where #x,y,z are Pauli matrices, while

g!x (k) = t!1 + t!z cos kz + 2 (t!2 cos k! + t!!2 cos k!)

g!y (k) = !t!z sin kz ,

g!z (k) = 2t1 cos k!, (4)

where we have introduced the notation x = y and y = x.
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In order to identify the ingredients that define the
nature of the spectrum in the di!erent phases, let
us focus on the case with tA1 = !tB1 = t1 and
in the case where the terms proportional to tA2 , t
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vanish. The latter condition is satisfied for any
tA2 and tB2 if we focus on k-points with (kx, ky) =
(±!/2,!), (!,±!/2), (0,±!/2), (±!/2, 0). Without such
terms H(k) is blocked in two matrices, Hx(k) and Hy(k)
corresponding to the subspaces related to the dxz and
dyz (or px and py) orbitals, respectively. Hereafter, we
will simply label these orbitals with the index " = x, y,
respectively. They read

H!(k) = g!x#x + g!y #y + g!z #z , (3)

with " = x, y where #x,y,z are Pauli matrices, while

g!x (k) = t!1 + t!z cos kz + 2 (t!2 cos k! + t!!2 cos k!)

g!y (k) = !t!z sin kz ,

g!z (k) = 2t1 cos k!, (4)

where we have introduced the notation x = y and y = x.
The Hamiltonian (3) would coincide with Weyl Hamilto-
nian if g!j = kj , with j = x, y, z. The eigenenergies of
the Hamiltonians H!(k) are

$!±(k) = ±
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(g!x )
2 +
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g!y
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trum is gapless for values K satisfying simultaneously
gj(K) = 0. The K points where the bands touch receive
the name of nodes. We can identify two di!erent kind of
nodes, which are described below.
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to a gapless point for the y-bands when "2 = 0.
The third case corresponds to K3 = (±!/2,!, 0).

Close to this point, the Taylor expansion cast
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with "3 = t!1 + t!z ! 2t!!2 , which leads to gapless states in
$x±(K3+q) when "3 = 0, and gapped $y±(K3+q) bands.
Instead, the latter are gapless for K!
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In order to identify the ingredients that define the
nature of the spectrum in the di!erent phases, let
us focus on the case with tA1 = !tB1 = t1 and
in the case where the terms proportional to tA2 , t
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vanish. The latter condition is satisfied for any
tA2 and tB2 if we focus on k-points with (kx, ky) =
(±!/2,!), (!,±!/2), (0,±!/2), (±!/2, 0). Without such
terms H(k) is blocked in two matrices, Hx(k) and Hy(k)
corresponding to the subspaces related to the dxz and
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will simply label these orbitals with the index " = x, y,
respectively. They read

H!(k) = g!x#x + g!y #y + g!z #z , (3)

with " = x, y where #x,y,z are Pauli matrices, while

g!x (k) = t!1 + t!z cos kz + 2 (t!2 cos k! + t!!2 cos k!)

g!y (k) = !t!z sin kz ,

g!z (k) = 2t1 cos k!, (4)

where we have introduced the notation x = y and y = x.
The Hamiltonian (3) would coincide with Weyl Hamilto-
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the Hamiltonians H!(k) are
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In order to identify the ingredients that define the
nature of the spectrum in the di!erent phases, let
us focus on the case with tA1 = !tB1 = t1 and
in the case where the terms proportional to tA2 , t
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vanish. The latter condition is satisfied for any
tA2 and tB2 if we focus on k-points with (kx, ky) =
(±!/2,!), (!,±!/2), (0,±!/2), (±!/2, 0). Without such
terms H(k) is blocked in two matrices, Hx(k) and Hy(k)
corresponding to the subspaces related to the dxz and
dyz (or px and py) orbitals, respectively. Hereafter, we
will simply label these orbitals with the index " = x, y,
respectively. They read

H!(k) = g!x#x + g!y #y + g!z #z , (3)

with " = x, y where #x,y,z are Pauli matrices, while

g!x (k) = t!1 + t!z cos kz + 2 (t!2 cos k! + t!!2 cos k!)

g!y (k) = !t!z sin kz ,

g!z (k) = 2t1 cos k!, (4)

where we have introduced the notation x = y and y = x.
The Hamiltonian (3) would coincide with Weyl Hamilto-
nian if g!j = kj , with j = x, y, z. The eigenenergies of
the Hamiltonians H!(k) are
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trum is gapless for values K satisfying simultaneously
gj(K) = 0. The K points where the bands touch receive
the name of nodes. We can identify two di!erent kind of
nodes, which are described below.
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We can easily identify four examples of such points.
The first one is K1 = (±!/2,!,!). In that case, express-
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gxz (K1 + q) = !2t1qx, (6)

with "1 = t!1 ! t!z ! 2t!!2 . Hence $x±(K1 +q) is gapless for
a combination of the hopping parameters t!1, t

!
z, t

!!
2 sat-

isfying "1 = 0, instead $y±(K1 + q)) are gapped. The
opposite situation takes place for K!

1 = (!,±!/2,!), in
which case

gyx(K
!
1 + q) = "1 ! 2t!2qy + t!!2q

2
x,

gyy(K
!
1 + q) = t!zqz ,

gyz (K
!
1 + q) = !2t1qy, (7)

Hence $y±(K
!
1 + q) is gapless for the combination of the

hopping parameters t!1, t
!
z, t

!!
2 satisfying "1 = 0, while

$x±(K
!
1 + q) are gapped.

The second example corresponds to points close to
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2 = (0,±!/2,!) corresponds
to a gapless point for the y-bands when "2 = 0.
The third case corresponds to K3 = (±!/2,!, 0).
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In order to identify the ingredients that define the
nature of the spectrum in the di!erent phases, let
us focus on the case with tA1 = !tB1 = t1 and
in the case where the terms proportional to tA2 , t

B
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vanish. The latter condition is satisfied for any
tA2 and tB2 if we focus on k-points with (kx, ky) =
(±!/2,!), (!,±!/2), (0,±!/2), (±!/2, 0). Without such
terms H(k) is blocked in two matrices, Hx(k) and Hy(k)
corresponding to the subspaces related to the dxz and
dyz (or px and py) orbitals, respectively. Hereafter, we
will simply label these orbitals with the index " = x, y,
respectively. They read

H!(k) = g!x#x + g!y #y + g!z #z , (3)

with " = x, y where #x,y,z are Pauli matrices, while

g!x (k) = t!1 + t!z cos kz + 2 (t!2 cos k! + t!!2 cos k!)

g!y (k) = !t!z sin kz ,

g!z (k) = 2t1 cos k!, (4)

where we have introduced the notation x = y and y = x.
The Hamiltonian (3) would coincide with Weyl Hamilto-
nian if g!j = kj , with j = x, y, z. The eigenenergies of
the Hamiltonians H!(k) are
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2 +
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A. Nodes in the spectrum. Weyl semimetal

The Weyl semimetal phase takes place when the spec-
trum is gapless for values K satisfying simultaneously
gj(K) = 0. The K points where the bands touch receive
the name of nodes. We can identify two di!erent kind of
nodes, which are described below.

1. Nodes on symmetry points

We can easily identify four examples of such points.
The first one is K1 = (±!/2,!,!). In that case, express-
ing k = K1 + q and performing a Taylor expansion for
small q, we find
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The second example corresponds to points close to
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the coe#cients g around these points we get

gxx(K2 + q) = "2 ! 2t!2qx ! t!!2q
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gxy (K2 + q) = t!zqz ,

gxz (K2 + q) = !2t1qx, (8)

with "2 = t!1!t!z+2t!!2 . Hence $
x
±(K2+q) is gapless for a

combination of the hopping parameters t!1, t
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2 satisfy-

ing "2 = 0, while $y±(K2 +q) are gapped. Similarly, the
90-degree rotated point K!

2 = (0,±!/2,!) corresponds
to a gapless point for the y-bands when "2 = 0.
The third case corresponds to K3 = (±!/2,!, 0).

Close to this point, the Taylor expansion cast

gxx(K3 + q) = "3 ! 2t!2qx + t!!2q
2
y ,

gxy (K3 + q) = !t!zqz,

gxz (K3 + q) = !2t1qx, (9)

with "3 = t!1 + t!z ! 2t!!2 , which leads to gapless states in
$x±(K3+q) when "3 = 0, and gapped $y±(K3+q) bands.
Instead, the latter are gapless for K!

3 = (!,±!/2, 0),
when "3 = 0.

5

Similarly, a Taylor expansion around K4 =
(±!/2, 0, 0) cast

gxx(K4 + q) = !4 ! 2t!2qx ! t!!2q
2
y,

gxy (K4 + q) = !t!zqz,

gxz (K4 + q) = !2t1qx, (10)

with !4 = t!1 + t!z + 2t!!2 , implying gapless states in
"x±(K4+q) when !4 = 0, and gapped "y±(K4+q) bands.
The latter bands are gapless at K!

4 = (0,±!/2, 0), for
!4 = 0.
The di"erent gapless points define nodes in the spec-

trum and are indicated in Fig. 5. For parameters lead-
ing to !j = 0, j = 1, . . . , 4, the system is in a Weyl
semimetal phase with metallic surfaces in a slab geome-
try and Fermi arcs. Notice, however, that the e"ective
Hamiltonian is not the conventional Weyl Hamiltonian.
Furthermore, the e"ective dispersion relations "x±(Kj+q)
are linear in qz and qx while they are quadratic in qy. In-
stead for "y±(K

!
j + q) they are linear in qz and qy while

they are quadratic in qx. The latter peculiarity is due
to the fact that Kj , j = 1, . . . , 4 are invariant under a
reflection ky " !ky while K!

j , j = 1, . . . , 4, are invariant
under the operation kx " !kx. In Ref. 21 the possibil-
ity of multiple Weyl points was proposed to take place
in nodes located at high symmetry points of the recip-
rocal lattice, which remain invariant under operations of
the Cn point group. In the present case we find that
the inversion symmetry may cause a more exotic sce-
nario, with an anisotropic dispersion relation changing
from quadratic to linear depending on the direction.

2. Nodes away from high-symmetry points

For tA2 = tB2 = 0, and for sets of the remaining hopping
parameters that do not satisfy !j = 0, the spectrum
can still have nodes as long as !j/t!!2 < 0, j = 1, 3 or
!j/t!!2 > 0, j = 2, 4. Such nodes can be actually regarded
as splittings of the nodes placed at the points Kj and K!

j

described in the previous section into pairs that displace
along the symmetry lines. Hence, the number of nodes
in this case is twice the number of nodes for !j = 0.
To give a specific example, when !1 #= 0, with

!1/t!!2 < 0, the node at K1 splits in two new nodes
at the positions K1,± = (!/2,±k1,!), with k1 =
| arccos [|!1/(2t!!2)|! 1] |. The new g-parameters of the
Weyl Hamiltonian are

gxx(K1,± + q) = !2t!2 [qx $ sin(k1)qy] ,

gxy (K1,± + q) = t!zqz,

gxz (K1,± + q) = !2t1qx. (11)

Interestingly, the e"ective Hamiltonian at the new nodes
is linear in q. This is a consequence of the fact that
these nodes lie at points which do not have any particular
symmetry.

For the remaining points, a similar analysis can be
made. A sketch of the map of pairs of nodes is shown
in Fig. 5.

B. Monopoles of the Weyl semimetal

ky

kx kx
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! !

!

FIG. 5. (Color online) Nodes in the Weyl semimetal phase in
the (kx, ky) plane. Left: Nodes for!j = 0. Circles correspond
to !1 = t!1 ! t!z ! 2t!!2 = 0 for kz = ! or !3 = t!1 + t!z ! 2t!!2 =
0 for kz = 0 (Points with coordinates kx = ±!, ky = ±!
are equivalent but they are indicated for clarity). Squares
correspond to !2 = t!1! t!z+2t!!2 = 0 for kz = !, or !4 = t!1+
t!z +2t!!2 for kz = ! or !4 = t!1+ t!z +2t!!2 = 0 for kz = 0. Dark
(light) symbols correspond to the touching of the bands with
x (y) character. Right: Nodes for !j "= 0. Each of the nodes
of the left panel splits into a pair of new nodes associated to
monopoles with positive (negative) charges, corresponding to
dark (white) symbols, respectively.

One of the most interesting features associated to
the Weyl Hamiltonian is the underlying structure of
monopoles associated to the nodes. This structure has
remarkable consequences in the electromagnetic response
of these systems, as described in Ref. 24. The emergence
of monopoles is associated to the Berry curvature. The
latter is the vector field

!(q) = %q &A(q), (12)

where

A(q) = i'#"(q)|%q|#"(q)( (13)

is the Berry connection.25,26 The ket |#"(q)( corre-
sponds to the ground state of the Weyl Hamiltonian. For
a linear relation between g and q, the field ! corresponds
to a monopole at the origin q = 0, corresponding to a
charge density #(q)) = sg{J}$3(q), with27–29

J = Det

!

%(gxx, g
x
y , g

x
z )

%(qx, qy, qz)

"

. (14)

It can be verified by explicitly computing J , that the
charges of each of the pairs Kj,± and K!

j,± are opposite.
In fact, it is easy to see that J ) $ sin(kj). Hence, the
limit!j = 0 where the pairs merge into the nodesKj and
K!

j corresponds to the annihilation of the two opposite
charges of the pairs of nodes.
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One of the most interesting features associated to
the Weyl Hamiltonian is the underlying structure of
monopoles associated to the nodes. This structure has
remarkable consequences in the electromagnetic response
of these systems, as described in Ref. 24. The emergence
of monopoles is associated to the Berry curvature. The
latter is the vector field
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where

A(q) = i'#"(q)|%q|#"(q)( (13)

is the Berry connection.25,26 The ket |#"(q)( corre-
sponds to the ground state of the Weyl Hamiltonian. For
a linear relation between g and q, the field ! corresponds
to a monopole at the origin q = 0, corresponding to a
charge density #(q)) = sg{J}$3(q), with27–29
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It can be verified by explicitly computing J , that the
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In fact, it is easy to see that J ) $ sin(kj). Hence, the
limit!j = 0 where the pairs merge into the nodesKj and
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j corresponds to the annihilation of the two opposite
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with !4 = t!1 + t!z + 2t!!2 , implying gapless states in
"x±(K4+q) when !4 = 0, and gapped "y±(K4+q) bands.
The latter bands are gapless at K!

4 = (0,±!/2, 0), for
!4 = 0.
The di"erent gapless points define nodes in the spec-

trum and are indicated in Fig. 5. For parameters lead-
ing to !j = 0, j = 1, . . . , 4, the system is in a Weyl
semimetal phase with metallic surfaces in a slab geome-
try and Fermi arcs. Notice, however, that the e"ective
Hamiltonian is not the conventional Weyl Hamiltonian.
Furthermore, the e"ective dispersion relations "x±(Kj+q)
are linear in qz and qx while they are quadratic in qy. In-
stead for "y±(K
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they are quadratic in qx. The latter peculiarity is due
to the fact that Kj , j = 1, . . . , 4 are invariant under a
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under the operation kx " !kx. In Ref. 21 the possibil-
ity of multiple Weyl points was proposed to take place
in nodes located at high symmetry points of the recip-
rocal lattice, which remain invariant under operations of
the Cn point group. In the present case we find that
the inversion symmetry may cause a more exotic sce-
nario, with an anisotropic dispersion relation changing
from quadratic to linear depending on the direction.
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For tA2 = tB2 = 0, and for sets of the remaining hopping
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in this case is twice the number of nodes for !j = 0.
To give a specific example, when !1 #= 0, with
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gxz (K1,± + q) = !2t1qx. (11)

Interestingly, the e"ective Hamiltonian at the new nodes
is linear in q. This is a consequence of the fact that
these nodes lie at points which do not have any particular
symmetry.

For the remaining points, a similar analysis can be
made. A sketch of the map of pairs of nodes is shown
in Fig. 5.

B. Monopoles of the Weyl semimetal

ky

kx kx

ky

!

! !

!

FIG. 5. (Color online) Nodes in the Weyl semimetal phase in
the (kx, ky) plane. Left: Nodes for!j = 0. Circles correspond
to !1 = t!1 ! t!z ! 2t!!2 = 0 for kz = ! or !3 = t!1 + t!z ! 2t!!2 =
0 for kz = 0 (Points with coordinates kx = ±!, ky = ±!
are equivalent but they are indicated for clarity). Squares
correspond to !2 = t!1! t!z+2t!!2 = 0 for kz = !, or !4 = t!1+
t!z +2t!!2 for kz = ! or !4 = t!1+ t!z +2t!!2 = 0 for kz = 0. Dark
(light) symbols correspond to the touching of the bands with
x (y) character. Right: Nodes for !j "= 0. Each of the nodes
of the left panel splits into a pair of new nodes associated to
monopoles with positive (negative) charges, corresponding to
dark (white) symbols, respectively.

One of the most interesting features associated to
the Weyl Hamiltonian is the underlying structure of
monopoles associated to the nodes. This structure has
remarkable consequences in the electromagnetic response
of these systems, as described in Ref. 24. The emergence
of monopoles is associated to the Berry curvature. The
latter is the vector field

!(q) = %q &A(q), (12)

where

A(q) = i'#"(q)|%q|#"(q)( (13)

is the Berry connection.25,26 The ket |#"(q)( corre-
sponds to the ground state of the Weyl Hamiltonian. For
a linear relation between g and q, the field ! corresponds
to a monopole at the origin q = 0, corresponding to a
charge density #(q)) = sg{J}$3(q), with27–29

J = Det

!

%(gxx, g
x
y , g

x
z )

%(qx, qy, qz)

"

. (14)

It can be verified by explicitly computing J , that the
charges of each of the pairs Kj,± and K!

j,± are opposite.
In fact, it is easy to see that J ) $ sin(kj). Hence, the
limit!j = 0 where the pairs merge into the nodesKj and
K!

j corresponds to the annihilation of the two opposite
charges of the pairs of nodes.

5

Similarly, a Taylor expansion around K4 =
(±!/2, 0, 0) cast

gxx(K4 + q) = !4 ! 2t!2qx ! t!!2q
2
y,

gxy (K4 + q) = !t!zqz,

gxz (K4 + q) = !2t1qx, (10)

with !4 = t!1 + t!z + 2t!!2 , implying gapless states in
"x±(K4+q) when !4 = 0, and gapped "y±(K4+q) bands.
The latter bands are gapless at K!

4 = (0,±!/2, 0), for
!4 = 0.
The di"erent gapless points define nodes in the spec-

trum and are indicated in Fig. 5. For parameters lead-
ing to !j = 0, j = 1, . . . , 4, the system is in a Weyl
semimetal phase with metallic surfaces in a slab geome-
try and Fermi arcs. Notice, however, that the e"ective
Hamiltonian is not the conventional Weyl Hamiltonian.
Furthermore, the e"ective dispersion relations "x±(Kj+q)
are linear in qz and qx while they are quadratic in qy. In-
stead for "y±(K

!
j + q) they are linear in qz and qy while

they are quadratic in qx. The latter peculiarity is due
to the fact that Kj , j = 1, . . . , 4 are invariant under a
reflection ky " !ky while K!

j , j = 1, . . . , 4, are invariant
under the operation kx " !kx. In Ref. 21 the possibil-
ity of multiple Weyl points was proposed to take place
in nodes located at high symmetry points of the recip-
rocal lattice, which remain invariant under operations of
the Cn point group. In the present case we find that
the inversion symmetry may cause a more exotic sce-
nario, with an anisotropic dispersion relation changing
from quadratic to linear depending on the direction.

2. Nodes away from high-symmetry points

For tA2 = tB2 = 0, and for sets of the remaining hopping
parameters that do not satisfy !j = 0, the spectrum
can still have nodes as long as !j/t!!2 < 0, j = 1, 3 or
!j/t!!2 > 0, j = 2, 4. Such nodes can be actually regarded
as splittings of the nodes placed at the points Kj and K!

j

described in the previous section into pairs that displace
along the symmetry lines. Hence, the number of nodes
in this case is twice the number of nodes for !j = 0.
To give a specific example, when !1 #= 0, with

!1/t!!2 < 0, the node at K1 splits in two new nodes
at the positions K1,± = (!/2,±k1,!), with k1 =
| arccos [|!1/(2t!!2)|! 1] |. The new g-parameters of the
Weyl Hamiltonian are

gxx(K1,± + q) = !2t!2 [qx $ sin(k1)qy] ,

gxy (K1,± + q) = t!zqz,

gxz (K1,± + q) = !2t1qx. (11)

Interestingly, the e"ective Hamiltonian at the new nodes
is linear in q. This is a consequence of the fact that
these nodes lie at points which do not have any particular
symmetry.

For the remaining points, a similar analysis can be
made. A sketch of the map of pairs of nodes is shown
in Fig. 5.

B. Monopoles of the Weyl semimetal

ky

kx kx

ky

!

! !

!

FIG. 5. (Color online) Nodes in the Weyl semimetal phase in
the (kx, ky) plane. Left: Nodes for!j = 0. Circles correspond
to !1 = t!1 ! t!z ! 2t!!2 = 0 for kz = ! or !3 = t!1 + t!z ! 2t!!2 =
0 for kz = 0 (Points with coordinates kx = ±!, ky = ±!
are equivalent but they are indicated for clarity). Squares
correspond to !2 = t!1! t!z+2t!!2 = 0 for kz = !, or !4 = t!1+
t!z +2t!!2 for kz = ! or !4 = t!1+ t!z +2t!!2 = 0 for kz = 0. Dark
(light) symbols correspond to the touching of the bands with
x (y) character. Right: Nodes for !j "= 0. Each of the nodes
of the left panel splits into a pair of new nodes associated to
monopoles with positive (negative) charges, corresponding to
dark (white) symbols, respectively.

One of the most interesting features associated to
the Weyl Hamiltonian is the underlying structure of
monopoles associated to the nodes. This structure has
remarkable consequences in the electromagnetic response
of these systems, as described in Ref. 24. The emergence
of monopoles is associated to the Berry curvature. The
latter is the vector field

!(q) = %q &A(q), (12)

where

A(q) = i'#"(q)|%q|#"(q)( (13)

is the Berry connection.25,26 The ket |#"(q)( corre-
sponds to the ground state of the Weyl Hamiltonian. For
a linear relation between g and q, the field ! corresponds
to a monopole at the origin q = 0, corresponding to a
charge density #(q)) = sg{J}$3(q), with27–29

J = Det

!

%(gxx, g
x
y , g

x
z )

%(qx, qy, qz)

"

. (14)

It can be verified by explicitly computing J , that the
charges of each of the pairs Kj,± and K!

j,± are opposite.
In fact, it is easy to see that J ) $ sin(kj). Hence, the
limit!j = 0 where the pairs merge into the nodesKj and
K!

j corresponds to the annihilation of the two opposite
charges of the pairs of nodes.

5

Similarly, a Taylor expansion around K4 =
(±!/2, 0, 0) cast

gxx(K4 + q) = !4 ! 2t!2qx ! t!!2q
2
y,

gxy (K4 + q) = !t!zqz,

gxz (K4 + q) = !2t1qx, (10)

with !4 = t!1 + t!z + 2t!!2 , implying gapless states in
"x±(K4+q) when !4 = 0, and gapped "y±(K4+q) bands.
The latter bands are gapless at K!

4 = (0,±!/2, 0), for
!4 = 0.
The di"erent gapless points define nodes in the spec-

trum and are indicated in Fig. 5. For parameters lead-
ing to !j = 0, j = 1, . . . , 4, the system is in a Weyl
semimetal phase with metallic surfaces in a slab geome-
try and Fermi arcs. Notice, however, that the e"ective
Hamiltonian is not the conventional Weyl Hamiltonian.
Furthermore, the e"ective dispersion relations "x±(Kj+q)
are linear in qz and qx while they are quadratic in qy. In-
stead for "y±(K

!
j + q) they are linear in qz and qy while

they are quadratic in qx. The latter peculiarity is due
to the fact that Kj , j = 1, . . . , 4 are invariant under a
reflection ky " !ky while K!

j , j = 1, . . . , 4, are invariant
under the operation kx " !kx. In Ref. 21 the possibil-
ity of multiple Weyl points was proposed to take place
in nodes located at high symmetry points of the recip-
rocal lattice, which remain invariant under operations of
the Cn point group. In the present case we find that
the inversion symmetry may cause a more exotic sce-
nario, with an anisotropic dispersion relation changing
from quadratic to linear depending on the direction.

2. Nodes away from high-symmetry points

For tA2 = tB2 = 0, and for sets of the remaining hopping
parameters that do not satisfy !j = 0, the spectrum
can still have nodes as long as !j/t!!2 < 0, j = 1, 3 or
!j/t!!2 > 0, j = 2, 4. Such nodes can be actually regarded
as splittings of the nodes placed at the points Kj and K!

j

described in the previous section into pairs that displace
along the symmetry lines. Hence, the number of nodes
in this case is twice the number of nodes for !j = 0.
To give a specific example, when !1 #= 0, with

!1/t!!2 < 0, the node at K1 splits in two new nodes
at the positions K1,± = (!/2,±k1,!), with k1 =
| arccos [|!1/(2t!!2)|! 1] |. The new g-parameters of the
Weyl Hamiltonian are

gxx(K1,± + q) = !2t!2 [qx $ sin(k1)qy] ,

gxy (K1,± + q) = t!zqz,

gxz (K1,± + q) = !2t1qx. (11)

Interestingly, the e"ective Hamiltonian at the new nodes
is linear in q. This is a consequence of the fact that
these nodes lie at points which do not have any particular
symmetry.

For the remaining points, a similar analysis can be
made. A sketch of the map of pairs of nodes is shown
in Fig. 5.

B. Monopoles of the Weyl semimetal

ky

kx kx

ky

!

! !

!

FIG. 5. (Color online) Nodes in the Weyl semimetal phase in
the (kx, ky) plane. Left: Nodes for!j = 0. Circles correspond
to !1 = t!1 ! t!z ! 2t!!2 = 0 for kz = ! or !3 = t!1 + t!z ! 2t!!2 =
0 for kz = 0 (Points with coordinates kx = ±!, ky = ±!
are equivalent but they are indicated for clarity). Squares
correspond to !2 = t!1! t!z+2t!!2 = 0 for kz = !, or !4 = t!1+
t!z +2t!!2 for kz = ! or !4 = t!1+ t!z +2t!!2 = 0 for kz = 0. Dark
(light) symbols correspond to the touching of the bands with
x (y) character. Right: Nodes for !j "= 0. Each of the nodes
of the left panel splits into a pair of new nodes associated to
monopoles with positive (negative) charges, corresponding to
dark (white) symbols, respectively.

One of the most interesting features associated to
the Weyl Hamiltonian is the underlying structure of
monopoles associated to the nodes. This structure has
remarkable consequences in the electromagnetic response
of these systems, as described in Ref. 24. The emergence
of monopoles is associated to the Berry curvature. The
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monopoles associated to the nodes. This structure has
remarkable consequences in the electromagnetic response
of these systems, as described in Ref. 24. The emergence
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of these systems, as described in Ref. 24. The emergence
of monopoles is associated to the Berry curvature. The
latter is the vector field

!(q) = %q &A(q), (12)

where

A(q) = i'#"(q)|%q|#"(q)( (13)

is the Berry connection.25,26 The ket |#"(q)( corre-
sponds to the ground state of the Weyl Hamiltonian. For
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In fact, it is easy to see that J ) $ sin(kj). Hence, the
limit!j = 0 where the pairs merge into the nodesKj and
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j corresponds to the annihilation of the two opposite
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try and Fermi arcs. Notice, however, that the e"ective
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j , j = 1, . . . , 4, are invariant
under the operation kx " !kx. In Ref. 21 the possibil-
ity of multiple Weyl points was proposed to take place
in nodes located at high symmetry points of the recip-
rocal lattice, which remain invariant under operations of
the Cn point group. In the present case we find that
the inversion symmetry may cause a more exotic sce-
nario, with an anisotropic dispersion relation changing
from quadratic to linear depending on the direction.

2. Nodes away from high-symmetry points

For tA2 = tB2 = 0, and for sets of the remaining hopping
parameters that do not satisfy !j = 0, the spectrum
can still have nodes as long as !j/t!!2 < 0, j = 1, 3 or
!j/t!!2 > 0, j = 2, 4. Such nodes can be actually regarded
as splittings of the nodes placed at the points Kj and K!
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described in the previous section into pairs that displace
along the symmetry lines. Hence, the number of nodes
in this case is twice the number of nodes for !j = 0.
To give a specific example, when !1 #= 0, with

!1/t!!2 < 0, the node at K1 splits in two new nodes
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gxx(K1,± + q) = !2t!2 [qx $ sin(k1)qy] ,
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Interestingly, the e"ective Hamiltonian at the new nodes
is linear in q. This is a consequence of the fact that
these nodes lie at points which do not have any particular
symmetry.

For the remaining points, a similar analysis can be
made. A sketch of the map of pairs of nodes is shown
in Fig. 5.
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nF = 2). This is due to the fact that in the TCI phase,
each slab surface has states forming a closed Fermi sur-
face.
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FIG. 4. (Color online) Band structure of the slab N = 40
bilayers in the WSM phase. Parameters are tA1 = 1 = !tB1 =
1, tA2 = 0.5 = !tB2 , t

!

1 = 2.5, t!z = 2 and t!2 = 0.8, t!!2 = 0.1.
States of the surfaces with energies within or at the boundary
of the bulk gap are shown in thick magenta lines.

IV. EFFECTIVE WEYL HAMILTONIAN FOR
tA2 = tB2 = 0.

In order to identify the ingredients that define the
nature of the spectrum in the di!erent phases, let
us focus on the case with tA1 = !tB1 = t1 and
in the case where the terms proportional to tA2 , t

B
2

vanish. The latter condition is satisfied for any
tA2 and tB2 if we focus on k-points with (kx, ky) =
(±!/2,!), (!,±!/2), (0,±!/2), (±!/2, 0). Without such
terms H(k) is blocked in two matrices, Hx(k) and Hy(k)
corresponding to the subspaces related to the dxz and
dyz (or px and py) orbitals, respectively. Hereafter, we
will simply label these orbitals with the index " = x, y,
respectively. They read

H!(k) = g!x#x + g!y #y + g!z #z , (3)

with " = x, y where #x,y,z are Pauli matrices, while

g!x (k) = t!1 + t!z cos kz + 2 (t!2 cos k! + t!!2 cos k!)

g!y (k) = !t!z sin kz ,

g!z (k) = 2t1 cos k!, (4)

where we have introduced the notation x = y and y = x.
The Hamiltonian (3) would coincide with Weyl Hamilto-
nian if g!j = kj , with j = x, y, z. The eigenenergies of
the Hamiltonians H!(k) are

$!±(k) = ±
!

(g!x )
2 +

"

g!y
#2

+ (g!z )
2. (5)

A. Nodes in the spectrum. Weyl semimetal

The Weyl semimetal phase takes place when the spec-
trum is gapless for values K satisfying simultaneously
gj(K) = 0. The K points where the bands touch receive
the name of nodes. We can identify two di!erent kind of
nodes, which are described below.

1. Nodes on symmetry points

We can easily identify four examples of such points.
The first one is K1 = (±!/2,!,!). In that case, express-
ing k = K1 + q and performing a Taylor expansion for
small q, we find

gxx(K1 + q) = "1 ! 2t!2qx + t!!2q
2
y ,

gxy (K1 + q) = t!zqz ,

gxz (K1 + q) = !2t1qx, (6)

with "1 = t!1 ! t!z ! 2t!!2 . Hence $x±(K1 +q) is gapless for
a combination of the hopping parameters t!1, t

!
z, t

!!
2 sat-

isfying "1 = 0, instead $y±(K1 + q)) are gapped. The
opposite situation takes place for K!

1 = (!,±!/2,!), in
which case

gyx(K
!
1 + q) = "1 ! 2t!2qy + t!!2q

2
x,

gyy(K
!
1 + q) = t!zqz ,

gyz (K
!
1 + q) = !2t1qy, (7)

Hence $y±(K
!
1 + q) is gapless for the combination of the

hopping parameters t!1, t
!
z, t

!!
2 satisfying "1 = 0, while

$x±(K
!
1 + q) are gapped.

The second example corresponds to points close to
K2 = (±!/2, 0,!). Performing a Taylor expansion of
the coe#cients g around these points we get

gxx(K2 + q) = "2 ! 2t!2qx ! t!!2q
2
y ,

gxy (K2 + q) = t!zqz ,

gxz (K2 + q) = !2t1qx, (8)

with "2 = t!1!t!z+2t!!2 . Hence $
x
±(K2+q) is gapless for a

combination of the hopping parameters t!1, t
!
z, t

!!
2 satisfy-

ing "2 = 0, while $y±(K2 +q) are gapped. Similarly, the
90-degree rotated point K!

2 = (0,±!/2,!) corresponds
to a gapless point for the y-bands when "2 = 0.
The third case corresponds to K3 = (±!/2,!, 0).

Close to this point, the Taylor expansion cast

gxx(K3 + q) = "3 ! 2t!2qx + t!!2q
2
y ,

gxy (K3 + q) = !t!zqz,

gxz (K3 + q) = !2t1qx, (9)

with "3 = t!1 + t!z ! 2t!!2 , which leads to gapless states in
$x±(K3+q) when "3 = 0, and gapped $y±(K3+q) bands.
Instead, the latter are gapless for K!

3 = (!,±!/2, 0),
when "3 = 0.
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FIG. 7. Phase diagram for tA2 = !tB2 = 0. NI and
WSM denote, respectively, normal insulating phase and Weyl
semimetal phase.

including topological crystalline insulating (CTI) phases
for parameters t!1, t

!
z within the WSM phase for t2 = 0.

The nature of this topological insulator is precisely the
one discussed in Ref. 17 corresponds to a particular case
of these phases. Within these regions, there exist sur-
face states protected by the point symmetry like the ones
shown in Fig. 3. The WSM phase has nF = 1, (nF = 3)
for |t!1| > |t!z| (|t

!
1| < |t!z |). The thinner TCI phase close

to |t!1| = |t!z | has nF = 2 while the other TCI phase has
nF = 4.
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FIG. 8. Phase diagram for tA2 = !tB2 = t2 = 0.8, tA1 =
!tB1 = 1, t!2 = 0.8, t!!2 = 0.1. NI, TI and WSM denote, re-
spectively, normal insulating phase, topological insulator and
Weyl semimetal phase.

VI. SUMMARY AND DISCUSSION

We have studied the spectral properties of a tight-
binding model for spinless electrons in a double-layer 3D
structure with two type of orbitals per unit cell. This
model is similar to that considered by Fu in Ref. 17 as
a prototype for a crystalline topological insulator. We
have introduced a natural generalization for the inter-
layer hopping parameters that properly takes into ac-
count the symmetry properties of the two orbitals in-
volved. We have shown that in the limit where the intra-
layer next-nearest neighbor hopping parameters vanish
the low energy spectrum can be e!ectively described by
a generalized Weyl Hamiltonian. That model could be
analytically solved and we found that a Weyl semimetal
phase takes place for a wide range of parameters. We
then showed that the topological crystalline insulating
phase proposed by Fu, emerges when the intra-layer next-
nearest neighbor hopping is switched on.

In conclusion we have shown that the complete phase
diagram of the model is very rich, containing Weyl
semimetal as well as normal insulating and crystalline
insulating phases. Unlike most of the Weyl semimetal
phases analyzed in the literature, the present one does
not rely nor on spin orbit interaction neither on external
magnetic fields. The spin actually does not play any role
in driving the di!erent phases of the present model.

A crucial ingredient leading to the description in terms
of the underlying e!ective Weyl Hamiltonian seems to
be a di!erent relative sign in the two intra-layer nearest-
neighbor hopping parameters tA1 and tB1 . To finalize, we
would like to comment on the scenario where such change
in the sign of the hopping ta1 , a = A,B could take place.
To this end let us first notice that, using the sign con-
vention of Section II, the direct hopping between d!z
(or p!) orbitals along the ! direction is always positive.
However, if an intermediate atomic orbital exist (like the
circles in the sketch of Fig. 1) the sign could change, de-
pending on the symmetry and the state of charge of the
latter. A typical example can be found in planes of per-
ovskites, in which case the e!ective hopping ta1 between
d!z orbitals is originated by the hybridization (named
tpd) of these orbitals with intermediate p! ones. As a
consequence, the e!ective hopping between neighboring
d!z is ta1 = t2pd/", where " is the charge-transfer energy
between the d!z and the intermediate p! orbital. Hence,
if the intermediate orbitals are empty, the e!ective hop-
ping ta1 is negative, while it is positive otherwise. If the
intermediate orbitals were s, the sign of ta1 would be,
instead, negative or positive, depending on whether the
intermediate orbital is empty or occupied. Therefore dif-
ferent physical situations can exist in which the e!ective
hopping ta1 has opposite sign in the two layers.



WITH IN-PLANE NNN HOPPING 

7

-4 -2 0 2 4
t’z/t’’2

-6

-4

-2

0

2

4

6

t’ 1
/t’
’ 2

NI

WSM

NI

FIG. 7. Phase diagram for tA2 = !tB2 = 0. NI and
WSM denote, respectively, normal insulating phase and Weyl
semimetal phase.

including topological crystalline insulating (CTI) phases
for parameters t!1, t

!
z within the WSM phase for t2 = 0.

The nature of this topological insulator is precisely the
one discussed in Ref. 17 corresponds to a particular case
of these phases. Within these regions, there exist sur-
face states protected by the point symmetry like the ones
shown in Fig. 3. The WSM phase has nF = 1, (nF = 3)
for |t!1| > |t!z| (|t

!
1| < |t!z |). The thinner TCI phase close

to |t!1| = |t!z | has nF = 2 while the other TCI phase has
nF = 4.

0 0.5 1 1.5 2 2.5
|tz’|

0

1

2

3

|t 1
’|

NI

TCI
WSM

TCI

FIG. 8. Phase diagram for tA2 = !tB2 = t2 = 0.8, tA1 =
!tB1 = 1, t!2 = 0.8, t!!2 = 0.1. NI, TI and WSM denote, re-
spectively, normal insulating phase, topological insulator and
Weyl semimetal phase.

VI. SUMMARY AND DISCUSSION

We have studied the spectral properties of a tight-
binding model for spinless electrons in a double-layer 3D
structure with two type of orbitals per unit cell. This
model is similar to that considered by Fu in Ref. 17 as
a prototype for a crystalline topological insulator. We
have introduced a natural generalization for the inter-
layer hopping parameters that properly takes into ac-
count the symmetry properties of the two orbitals in-
volved. We have shown that in the limit where the intra-
layer next-nearest neighbor hopping parameters vanish
the low energy spectrum can be e!ectively described by
a generalized Weyl Hamiltonian. That model could be
analytically solved and we found that a Weyl semimetal
phase takes place for a wide range of parameters. We
then showed that the topological crystalline insulating
phase proposed by Fu, emerges when the intra-layer next-
nearest neighbor hopping is switched on.

In conclusion we have shown that the complete phase
diagram of the model is very rich, containing Weyl
semimetal as well as normal insulating and crystalline
insulating phases. Unlike most of the Weyl semimetal
phases analyzed in the literature, the present one does
not rely nor on spin orbit interaction neither on external
magnetic fields. The spin actually does not play any role
in driving the di!erent phases of the present model.

A crucial ingredient leading to the description in terms
of the underlying e!ective Weyl Hamiltonian seems to
be a di!erent relative sign in the two intra-layer nearest-
neighbor hopping parameters tA1 and tB1 . To finalize, we
would like to comment on the scenario where such change
in the sign of the hopping ta1 , a = A,B could take place.
To this end let us first notice that, using the sign con-
vention of Section II, the direct hopping between d!z
(or p!) orbitals along the ! direction is always positive.
However, if an intermediate atomic orbital exist (like the
circles in the sketch of Fig. 1) the sign could change, de-
pending on the symmetry and the state of charge of the
latter. A typical example can be found in planes of per-
ovskites, in which case the e!ective hopping ta1 between
d!z orbitals is originated by the hybridization (named
tpd) of these orbitals with intermediate p! ones. As a
consequence, the e!ective hopping between neighboring
d!z is ta1 = t2pd/", where " is the charge-transfer energy
between the d!z and the intermediate p! orbital. Hence,
if the intermediate orbitals are empty, the e!ective hop-
ping ta1 is negative, while it is positive otherwise. If the
intermediate orbitals were s, the sign of ta1 would be,
instead, negative or positive, depending on whether the
intermediate orbital is empty or occupied. Therefore dif-
ferent physical situations can exist in which the e!ective
hopping ta1 has opposite sign in the two layers.
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C4v and therefore inversion symmetry is lacking. The
spin-orbit interaction is absent and the model has time-
reversal symmetry.

The paper is organized as follows. We present the
model in Section II. It consists in a tight-binding Hamil-
tonian for spinless electrons with two layers and two or-
bitals per unit cell, very similar to the one proposed by
Fu in Ref. 17. The features of the band structure in
the di!erent expected phases are summarized in Section
III. In Section IV we consider a limit of the model where
the in-plane next-nearest neighbor hopping parameters
vanish. In this limit, the e!ective low energy model is
a generalized Weyl Hamiltonian, which can be exactly
solved. We find the phase diagram in this limit and an-
alyze the structure of the spectrum in the bulk as well
as in a slab configuration. We show that within a wide
range of parameters there exist a WSM phase with nodes
in 3D and Fermi arcs in the slab, as well as a normal in-
sulating phase. In Section V we analyze the role of the
next-nearest neighbor hopping parameter and find that
this ingredient drives TCI phases within the WSM one.
Finally, we present a summary in Section VI and we dis-
cuss which materials are candidates to realize the present
model and phases.

FIG. 1. (Color online) Sketch of a bilayer with planes A and
B indicating the intra-plane and inter-plane hopping elements
considered in the model. The sign convention for the dxz and
dyz (or px and py) orbitals is also indicated. The circles in
the plane A indicate the possible presence of intermediate
atoms with orbitals that hybridize with the neighboring ones,
renormalizing the hopping elements.

II. MODEL

We consider a tight-binding model associated to two
orbitals dxz and dyz or px and py in a tetragonal lattice
with two atoms as in Ref. 17. The ensuing Hamiltonian

is
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where l labels a couple of layers, A and B along the z
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The parameter ta!,"(ri ! rj), a = A,B denotes the intra-
plane hopping matrix element between the orbitals !
and " localized at the atomic positions ri and rj , with
r = (x, y), on the plane. Keeping hopping elements
up to next-nearest neighbors (i, j) leads to the following
Fourier transform of H ,
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&
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'

,
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&
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'

+
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&
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&

1 0
0 1

'
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2

&

t!2 cos kx + t!!2 cos ky 0
0 t!2 cos ky + t!!2 cos kx

'

.

The di!erent hopping processes are indicated in Fig. 1.
The minimal model for a TCI considered in Ref. 17 corre-
sponds to t!2 = t!!2 . Notice that because of symmetry, the
hopping elements along the x and y directions are non-
vanishing only for hopping processes between the same
type of orbitals. For example, dxz and dyz (or px and py)
orbitals at sites with the same y coordinates, have op-
posite parities under a reflection through the xz plane.
The hopping elements t!2 and t!!2 correspond to the hop-
ping between d!z (or p!) orbitals of di!erent z planes
aligned in the ! direction or in the perpendicular one
respectively. In the general case, we expect t!2 > t!!2 .
We show that for such case and other parameters close

or identical to those considered in Ref. 17, the present
model exhibits a WSM phase with Fermi arcs and Weyl
nodes. A crucial ingredient is that the signs of tA1 and
tB1 are opposite. This could happen if for example in
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including topological crystalline insulating (CTI) phases
for parameters t!1, t
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z within the WSM phase for t2 = 0.

The nature of this topological insulator is precisely the
one discussed in Ref. 17 corresponds to a particular case
of these phases. Within these regions, there exist sur-
face states protected by the point symmetry like the ones
shown in Fig. 3. The WSM phase has nF = 1, (nF = 3)
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VI. SUMMARY AND DISCUSSION

We have studied the spectral properties of a tight-
binding model for spinless electrons in a double-layer 3D
structure with two type of orbitals per unit cell. This
model is similar to that considered by Fu in Ref. 17 as
a prototype for a crystalline topological insulator. We
have introduced a natural generalization for the inter-
layer hopping parameters that properly takes into ac-
count the symmetry properties of the two orbitals in-
volved. We have shown that in the limit where the intra-
layer next-nearest neighbor hopping parameters vanish
the low energy spectrum can be e!ectively described by
a generalized Weyl Hamiltonian. That model could be
analytically solved and we found that a Weyl semimetal
phase takes place for a wide range of parameters. We
then showed that the topological crystalline insulating
phase proposed by Fu, emerges when the intra-layer next-
nearest neighbor hopping is switched on.

In conclusion we have shown that the complete phase
diagram of the model is very rich, containing Weyl
semimetal as well as normal insulating and crystalline
insulating phases. Unlike most of the Weyl semimetal
phases analyzed in the literature, the present one does
not rely nor on spin orbit interaction neither on external
magnetic fields. The spin actually does not play any role
in driving the di!erent phases of the present model.

A crucial ingredient leading to the description in terms
of the underlying e!ective Weyl Hamiltonian seems to
be a di!erent relative sign in the two intra-layer nearest-
neighbor hopping parameters tA1 and tB1 . To finalize, we
would like to comment on the scenario where such change
in the sign of the hopping ta1 , a = A,B could take place.
To this end let us first notice that, using the sign con-
vention of Section II, the direct hopping between d!z
(or p!) orbitals along the ! direction is always positive.
However, if an intermediate atomic orbital exist (like the
circles in the sketch of Fig. 1) the sign could change, de-
pending on the symmetry and the state of charge of the
latter. A typical example can be found in planes of per-
ovskites, in which case the e!ective hopping ta1 between
d!z orbitals is originated by the hybridization (named
tpd) of these orbitals with intermediate p! ones. As a
consequence, the e!ective hopping between neighboring
d!z is ta1 = t2pd/", where " is the charge-transfer energy
between the d!z and the intermediate p! orbital. Hence,
if the intermediate orbitals are empty, the e!ective hop-
ping ta1 is negative, while it is positive otherwise. If the
intermediate orbitals were s, the sign of ta1 would be,
instead, negative or positive, depending on whether the
intermediate orbital is empty or occupied. Therefore dif-
ferent physical situations can exist in which the e!ective
hopping ta1 has opposite sign in the two layers.
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face states protected by the point symmetry like the ones
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VI. SUMMARY AND DISCUSSION

We have studied the spectral properties of a tight-
binding model for spinless electrons in a double-layer 3D
structure with two type of orbitals per unit cell. This
model is similar to that considered by Fu in Ref. 17 as
a prototype for a crystalline topological insulator. We
have introduced a natural generalization for the inter-
layer hopping parameters that properly takes into ac-
count the symmetry properties of the two orbitals in-
volved. We have shown that in the limit where the intra-
layer next-nearest neighbor hopping parameters vanish
the low energy spectrum can be e!ectively described by
a generalized Weyl Hamiltonian. That model could be
analytically solved and we found that a Weyl semimetal
phase takes place for a wide range of parameters. We
then showed that the topological crystalline insulating
phase proposed by Fu, emerges when the intra-layer next-
nearest neighbor hopping is switched on.

In conclusion we have shown that the complete phase
diagram of the model is very rich, containing Weyl
semimetal as well as normal insulating and crystalline
insulating phases. Unlike most of the Weyl semimetal
phases analyzed in the literature, the present one does
not rely nor on spin orbit interaction neither on external
magnetic fields. The spin actually does not play any role
in driving the di!erent phases of the present model.

A crucial ingredient leading to the description in terms
of the underlying e!ective Weyl Hamiltonian seems to
be a di!erent relative sign in the two intra-layer nearest-
neighbor hopping parameters tA1 and tB1 . To finalize, we
would like to comment on the scenario where such change
in the sign of the hopping ta1 , a = A,B could take place.
To this end let us first notice that, using the sign con-
vention of Section II, the direct hopping between d!z
(or p!) orbitals along the ! direction is always positive.
However, if an intermediate atomic orbital exist (like the
circles in the sketch of Fig. 1) the sign could change, de-
pending on the symmetry and the state of charge of the
latter. A typical example can be found in planes of per-
ovskites, in which case the e!ective hopping ta1 between
d!z orbitals is originated by the hybridization (named
tpd) of these orbitals with intermediate p! ones. As a
consequence, the e!ective hopping between neighboring
d!z is ta1 = t2pd/", where " is the charge-transfer energy
between the d!z and the intermediate p! orbital. Hence,
if the intermediate orbitals are empty, the e!ective hop-
ping ta1 is negative, while it is positive otherwise. If the
intermediate orbitals were s, the sign of ta1 would be,
instead, negative or positive, depending on whether the
intermediate orbital is empty or occupied. Therefore dif-
ferent physical situations can exist in which the e!ective
hopping ta1 has opposite sign in the two layers.

Possible mechanism: 
Intermediate orbital in one 
of the planes
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