
String Compactifications

Exercise 1.1:

Find the explicit expression for the energy-momentum tensor for the Polyakov action
using the definition

Tαβ = − 2

T

1√
−h

δSP
δhαβ

and show it is traceless (hαβTαβ = 0). Relate the trace Tαα to the variation of the action
under a Weyl transformation hαβ → e2ωhαβ. In D-dimensional flat space (gµν = ηµν),
relate the conservation law ∇αTαβ = 0 to the equations of motion for the fields Xµ.

Exercise 1.2:

Compute the mode expansion and mass spectrum of a closed string with periodic bound-
ary conditions for the coordinates X0, ..., X24 and:

X25(τ, σ + π) = X25(τ, σ) + 2πmR

where m is integer. When can we make sense of this solution? What condition does one
get from the constraint

∫ π
0 Ẋ ·X ′ = 0 ?

Exercise 1.3:

Show that the state
|φ >= eµα

µ
−1|0 >

has positive norm for eµ spacelike.

Exercise 1.4:

a) Find the mass squared of the following open-string states

|φ1 >= αµ−1|0 >, |φ2 >= αµ−1α
ν
−1|0 >

|φ3 >= αµ−3|0 >, |φ4 >= αµ−1α
ν
−1α

ρ
−2|0 >

b) Find the mass squared of the following closed-string states

|φ1 >= αµ−1α̃
ν
−1|0 >, |φ2 >= αµ−1α

ν
−1α̃

ρ
−2|0 >

c) What can you say about the following closed-string state?

|φ3 > αµ−1α̃
ν
−2|0 >

1



Exercise 2.1:

Consider a 26-dimensional space-time with metric

ds2 = GMNdx
MdxN = gµνdx

µdxν + e2σ(dx25 +Aµdx
µ)2

where x25 ∼ x25 + 2πR. Show that the 26-dimensional action

S26 =
1

16πG
(26)
N

∫
d26x
√
−G

(
R(26) + 4∂µφ∂

µφ
)

after integrating over x25, becomes

S25 =
1

16πG
(25)
N

∫
d25x
√
−g
(
R(25) + FµνF

µν + ∂µσ0∂
µσ0 + 4∂µφ0∂

µφ0 + KK tower
)

where σ0 and φ0 are the zero modes. Find the relation between the 26 and the 25-
dimensional Newton constants.

Exercise 2.2:

Show that for the closed bosonic string compactified on a circle at the self-dual radius
R =

√
α′ there are 4 extra massless vectors and 8 extra massless scalars coming from

states with non-zero momentum and/or winding number along the circle.

Exercise 2.3:

Show that for the closed bosonic string compactified on a torus T k at at particular point
in moduli space such that there is an enhancement of symmetry to a group G×G, with
G os dimension d and rank k, there are a total of d2 massless scalars (on top of the zero
mode of the dilaton).

Exercise 2.4:

Consider T 2 compactifications parametrized by the coordinates x8 and x9. Define the
complex moduli ρ by ρ = B89 + ivol(T 2), and τ is such that the metric is

ds2
2 =

Imρ

Imτ
|dx8 + τdx9|2 ≡ Imρ

Imτ
dzdz̄ .

Take Imρ = 1 and show that one can write g2 = ∂τ∂τ̄K where K = −log
(
i
∫

Ω ∧ Ω̄
)

and Ω = dx8 + τdx9.

Exercise 2.5:

The group O(k, k,Z) is generated by the following group elements

OΘ =

(
1 Θ
0 1

)
Θmn ∈ Z , OM =

(
M 0
0 (M t)−1

)
M ∈ GL(k;Z) , ODi =

(
1−Di Di

Di 1−Di

)
,
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where ΘT = −Θ and Di is a k × k matrix with all zeros except for a one at the ii
component. See how these elements act on the on the momentum and winding numbers
(ωi, ni), and on the generalized metric H

H =

(
g −Bg−1B Bg−1

−g−1B g−1

)
(1)

Disentangle these as actions on g and B. How does
k∏
i=1

ODi act?

Exercise 2.6:

Take a 3-torus T 3 parameterised by coordinates (x1, x2, x3) ∼ (x1 +1, x2, x3) ∼ (x1, x2 +
1, x3) ∼ (x1, x2, x3 + 1) with N units of H3 flux on it. Take a gauge for the B-field
such that ∂x3 is an isometry. T-dualize this background along x3, i.e. transform by
the O(3, 3,Z) element OD3 in the previous exercise. What are the T-dual metric and
B-field? What is the new manifold topologically? Taking the original T 3 as an S1× T 2,
with the T 2 in the (x1, x2) directions, and parameterise the T 2 in terms of the Kähler
and complex structure moduli ρ and τ in exercise 2.4. How does the T-duality act on
ρ and τ? Do a second T-duality in the direction x2. Can you make sense of the dual
background globally? How does the second T-duality act on τ and ρ?

Exercise 3.1:

Show that CPn is Kahler (show it is complex by building an atlas with holomophic
transition functions). The Kahler potential is the “Fubini-Study”:

K = log(1 + |z|2)

Exercise 3.2:

Consider the group manifold defined by six globally defined 1-forms ea, a = 1, ..., 6
satisfying

de1 = de2 = de3 = de4 = 0 , de5 = e1 ∧ e2 , de6 = e3 ∧ e4 .

Is the manifold complex? Is it symplectic? Is it Kähler? Answer these questions by
trying to build explicitly a 3-form Ω and a 2-form J .

Exercise 4.1:

Let {ωa} be a basis for Hp. Show that there exists a basis {ω̃a} for Hd−p with the
property that ∫

M
ωa ∧ ω̃b = δa

b
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Exercise 4.2:

Compute the Betti numbers for the manifold in Exercise 3.2.

Exercise 4.3:

Show that 4Ap = 0⇔ dAp = 0, d†Ap = 0

Exercise 4.4:

Show that hp,q = hq,p and hn−p,n−q = hp,q.

Exercise 5.1:

Consider a compactificaion on T 2 × T 2 × T 2 with a single complex structure modulus,
namely: dzi = dxi + τdyi, i=1,2,3, where (xi, yi) are the coordinates on each torus.
Consider the 3-forms α0 = dx1 ∧ dx2 ∧ dx3, αi = εijkdx

j ∧ dxk ∧ dyi (no sum over i),
βi = εijkdy

j ∧ dyk ∧ dxi, β0 = dy1 ∧ dy2 ∧ dy3. Write Ω in terms of this basis, and find
the Kahler potential. Add fluxes for the field strengths H3 y F3 along all 3-cycles. Find
the potential. Show that there are Minkowski solutions with the modulus τ fixed.
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