
EXERCISES: INFINITE DIMENSIONAL LIE ALGEBRAS

VYACHESLAV FUTORNY

Exercise 1. Let A = k[t1, . . . , tn]. Describe the Lie algebra W̃n = DerA of derivations

of A and describe the structure of A as a module over W̃n.

Exercise 2. Let A = k[t±11 , . . . , t±1n ] and Wn the Lie algebra of vector fields on n-
dimensional torus (Wn = DerA). a) Show that W1 is a simple Lie algebra
(it has no two-sided ideals other than 0 and W1). Deduce that W has no
nontrivial finite dimensional modules. b) Consider the 2-parameter families
of modules of intermediate series over W1:

V (α, β) =
∑
s∈β+Z

Cvs,

where α, β ∈ C and (tn+1 d
dt )vs = (s+nα)vs+n. Show that V (α, β) is simple

unless α = 0, 1 and β ∈ Z. Describe the structure of V (α, β) in all cases.
c) Establish when V (α, β) and V (α′, β′) are isomorphic.

Exercise 3. a) Let V be a simple finite dimensional gl(n)-module, γ ∈ Cn and A =
qγC[q±11 , . . . , q±1n ]. Verify that the tensor density module

T (γ, V ) = A⊗ V

has a module structure over the Lie algebra Wn of vector fields on n-
dimensional torus (defined in the lecture).
b) Identify T (0,ΛkCn) with the k-forms Ωk. Show that closed 1-forms form
an irreducible submodule of Ω1.
c) Show that Ω0 and Ωn are reducible Wn-modules.
d) Describe the structure of T (γ, V ) as an A-module.
e) Prove an embedding of sl(n+ 1) into Wn by:

Eij 7→ tit
−1
j ∂j , 1 ≤ i, j ≤ n, Ei,n+1 7→ −ti

n∑
j=1

∂j ,

En+1,i 7→ t−1i ∂i, En+1,n+1 7→ −
n∑
j=1

∂j ,

where ∂i = ti
∂
∂ti

.

f) Describe an embedding of ̂sl(n+ 1) into Wn+1.

Exercise 4. Let k be an algebraically closed field of characteristic 0, X ⊂ Ank an ir-
reducible affine variety defined by the ideal I ⊂ k[x1, . . . , xn] and A =
k[x1, . . . , xn]/I the algebra of polynomial functions on X. Let DX be the
Lie algebra of (polynomial) vector fields on X. Show that there exists a
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natural isomorphism between DX and{
d ∈ W̃n

∣∣ d(I) ⊂ I
}/{

d ∈ W̃n

∣∣ d(k[x1, . . . , xn]) ⊂ I
}

Exercise 5. Let I = (f1, . . . , fm). Identify DX with an A-module of solutions in An

of the system of linear homogeneous equations with the Jacobian matrix
coefficients:

Jac =


∂f1
∂x1

. . . ∂f1
∂xn

. . .
∂fm
∂x1

. . . ∂fm
∂xn


Exercise 6. Let X = S2, A = k[x, y, z]/

〈
x2 + y2 + z2 − 1

〉
. Show that the Lie algebra

DX of polynomial vector fields on X is generated (as an A-module) by the
vector fields ∆ab = xb

∂
∂xa
− xa ∂

∂xb
, 1 ≤ a 6= b ≤ 3 subject to the relation

xc∆ab + xa∆bc + xb∆ca = 0.

Exercise 7. Show that the following map defines an embedding of sln into the Lie
algebra DX of polynomial vector fields on Sn−1:

Eab 7→
N∑
p=1

xbxp∆ap,

Eaa − Ebb 7→
N∑
p=1

xaxp∆ap − xbxp∆bp.

Exercise 8. Let H =
∑
i∈Z Cai ⊕ Cc is a Heisenberg subalgebra.

a) Let F = C[x1, x2, . . . , ] the space of polynomials in infinitely many vari-
ables. Show that the formulas:

ai 7→ ri
∂

∂xi
, a−i 7→ r−1i ixi, i > 0

a0 7→ λI, c 7→ 1

define a Fock space representation of H on F for any choice of scalars λ, ri.
Prove that F is irreducible.
b) Show that U(H)/(c − 1) is isomorphic to the Weyl algebra with infin-
itely many generators. Using this fact construct examples of non-highest
(non-lowest) weight irreducible H-modules.

Exercise 9. Let L be the Virasoro algebra L =
∑
i∈Z Li ⊕ Cc, M(z, λ) is the Verma

module generated by the vacuum vector v with Liv = 0 for i > 0, L0v = λv
and cv = zv, where z, λ ∈ C. Let L(z, λ) be the unique irreducible quotient
of M(z, λ).
a) Compute the dimensions of the weight subspaces M(z, λ)µ (the charac-
ter of M(z, λ)).
b) Consider the restricted dual LX(z, λ) =

∑
i L(z, λ)∗i of L(z, λ), where
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xf(v) = −f(xv) for f ∈ LX(z, λ), v ∈ L(z, λ), x ∈ L. Show that LX(z, λ)
is an irreducible lowest weight module.
c) Find conditions on λ under which M(0, λ)i = L(0, λ)i for i = 1, 2.
d) Compute the restrictions of the Shapovalov form on M(0, λ)i for i = 1, 2
and deduce c).

e) Let Lk 7→ 1
2

∑
j∈Z a−jaj+k + iγkak, k 6= 0, L0 7→

∑
i>0 a−iai + λ2+γ2

2 .
Show that this defines a Fock space representation of the Virasoro algebra
on F with central charge 1 + 12γ2.

Exercise 10. Let ĝ be an Affine Kac-Moody algebra.
a) Show that any two irreducible integrable highest weight ĝ-modules do
not have a non trivial extension.
b) Construct examples of irreducible integrable non-highest weight ŝl(2)-
modules.
c) Let ĝ be an Affine Kac-Moody algebra with a degree derivation d. Show
that ĝ does not have finite dimensional representations.

Exercise 11. For a finite dimensional module V over g and a nonzero complex number
a define an evaluation module V (a) over the loop algebra g ⊗ C[t, t−1] as
follows: V (a) = V as a vector space and (x ⊗ tn)v = anxv, for any x ∈ g,
v ∈ V .
a) When V (a) is isomorphic to V (b)?
b) Let V1, . . . , Vm irreducible nonzero g-modules, a1, . . . , am ∈ C. Denote

V (a1, . . . , am) = V1(a1)⊗ . . .⊗ Vm(am).

Under what condition on the parameters a1, . . . , am the module V (a1, . . . , am)
is irreducible?


